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ABSTRACT 
A new procedure f o r  handl ing  opt imiza t ion  problems wi th  c o m e r s  
r e s u l t i n g  from t h e  impos i t ion  of r e s t r i c t i o n s  i s  presented  i n  t h i s  
paper.  
methods presented  h e r e  are t h a t  t h e  dynamical equat ions  of c o n s t r a i n t  
con ta in  only one c o n t r o l  v a r i a b l e  and t h a t  t h e s e  equat ions  can be  
a n a l y t i c a l l y  i n t e g r a t e d  along any segment of t h e  t r a j e c t o r y  i n  which 
t h e  c o n t r o l  l a w  i s  r e s t r i c t e d .  Under such circumstances i t  is  shown 
t h a t  t h e  r e s t r i c t e d  segments of t h e  opt imal  t r a j e c t o r y  may be  e f f ec -  
t i v e l y  e l imina ted  i n  t h e  process  of determining t h e  changes i n  t h e  
Lagrange m u l t i p l i e r s ,  s tate v a r i a b l e s ,  and Hamiltonian func t ion  from 
one s i d e  of t h e  r e s t r i c t e d  segment t o  t h e  o the r .  A set of cond i t ions  
which may be  used t o  determine t h e  changes o r  "jumps" i n  t h e  Lagrange 
m u l t i p l i e r s  and Hamiltonian are obtained d i r e c t l y  from a set of corner  
cond i t ions  developed h e r e  f o r  t r a j e c t o r i e s  w i t h  d i s c o n t i n u i t i e s  i n  t h e  
s ta te  v a r i a b l e s .  With t h e  use  of these  cond i t ions ,  t h e r e  i s  no need 
t o  i n t e g r a t e  t h e  Eu le r  equat ions  along t h e  r e s t r i c t e d  arc as is u s u a l l y  
done i n  t h e  l i t e r a t u r e .  
The requirements  which must be  m e t  i n  o rde r  t o  apply t h e  
It is  shown t h a t  t h e  discont inuous s o l u t i o n  r e s u l t i n g  from t h e  
e l i m i n a t i o n  of t h e  r e s t r i c t e d  segment may b e  made cont inuous aga in ,  
i f  d e s i r e d ,  through t h e  use of parameters.  
A number of example problems using t h e  theory  developed i n  t h e  
The examples inc lude  opt imiza t ion  problems wi th  both  f i r s t  
paper  are presented  t o  show t h e  wide range of a p p l i c a b i l i t y  of t h e  
theory .  
o r d e r  and second o r d e r  s t a t e  v a r i a b l e  c o n s t r a i n t s ,  op t imal  s t a g i n g  
of a rocke t  v e h i c l e  w i th  coas t ing  pe r iods ,  and opt imal  o r b i t  t r a n s f e r  
w i t h  coas t ing  pe r iods .  
v i i  
SECTION I 
INTRODUCTION 
An optimal  t r a j e c t o r y  between any two given p o i n t s  i n  state 
space,  f r equen t ly  w i l l  no t  be  composed of one smooth continuous 
arc. Often,  as has  been demonstrated i n  t h e  l i t e r a t u r e ,  an opt imal  
t r a j e c t o r y  i s  composed of a number of a r c s  which are jo ined  a t  
"corner  po in ts" .  I n  t h i s  paper ,  a corner  p o i n t  i s  def ined  t o  be 
any p o i n t  of t h e  opt imal  t r a j e c t o r y  a t  which t h e  opt imal  c o n t r o l  
v a r i a b l e  o r  i ts rate of change i s  discont inuous o r  a p o i n t  at 
which t h e  opt imal  c o n t r o l  l a w  changes form. 
Cons t r a in t s  on s ta te  andlor  con t ro l  v a r i a b l e s  i n  a p a r t i c u l a r  
op t imiza t ion  problem w i l l  gene ra l ly  lead t o  s o l u t i o n s  i n  which a 
p o r t i o n  of t h e  opt imal  t r a j e c t o r y  i s  composed of a state  v a r i a b l e  
o r  c o n t r o l  v a r i a b l e  boundqry. I n  t h i s  case, t h e  corner  p o i n t s  
correspond t o  t h e  en t r ance  and exi t  po in t s  t o  and from t h e  boundary. 
The opt imal  t r a j e c t o r y  may o r  may n o t  be smooth a t  t h e s e  po in t s .  
The requirement t h a t  an opt imal  t r a j e c t o r y  have c e r t a i n  pre- 
s c r i b e d  d i s c o n t i n u i t i e s  i n  t h e  s t a t e  v a r i a b l e s  o r  fo l low c e r t a i n  
modes of ope ra t ion  a t  some p o i n t  o r  po in t s  a long t h e  t r a j e c t o r y  
w i l l  a l s o  l e a d  t o  s o l u t i o n s  wi th  corner  p o i n t s .  I n  t h e s e  cases t h e  
c o m e r  p o i n t s  w i l l  correspond t o  t h e  p o i n t s  of d i s c o n t i n u i t y  i n  t h e  
state v a r i a b l e s  o r  t h e  p o i n t s  i n  which a change i s  made from an 
opt imal  t o  a p resc r ibed  mode of operat ion.  
t r a j e c t o r y  w i l l  n o t  n e c e s s a r i l y  be smooth a t  t h e s e  po in t s .  
Here aga in ,  t h e  r e s u l t i n g  
There are numerous o t h e r  s i t u a t i o n s  i n  opt imal  c o n t r o l  
s y n t h e s i s  i n  which t h e  r e s u l t i n g  t r a j e c t o r y  w i l l  con ta in  a number 
of  c o m e r s .  
The type  of c o m e r  p o i n t s  of primary i n t e r e s t  i n  t h i s  paper  
are those  which r e s u l t  e i t h e r  from the impos i t ion  of state v a r i a b l e  
c o n s t r a i n t s ,  from t h e  p o s s i b i l i t y  of d i s c o n t i n u i t i e s  i n  state 
v a r i a b l e s  , o r  from c e r t a i n  al lowable modes of c o n t r o l  v a r i a b l e  
ope ra t ion .  An example of  each of these  s i t u a t i o n s  may be  found i n  
t h e  f l i g h t  of a mul t i - s tage  rocke t  vehic le .  Due t o  s t r u c t u r a l  con- 
s i d e r a t i o n s ,  l i m i t a t i o n s  must be  imposed on c e r t a i n  combinations of  
t h e  s ta te  v a r i a b l e s  and, s i n c e  t h e  veh ic l e  i s  mult i -s taged,  t h e  
mass may b e  discont inuous a t  va r ious  p o i n t s  along t h e  t r a j e c t o r y .  
F i n a l l y ,  s i n c e  s t ag ing  takes  p l a c e  during a c o a s t ,  t h i s  coas t ing  
p e r i o d  r e p r e s e n t s  a mode of opera t ion  dur ing  which c e r t a i n  c o n t r o l  
v a r i a b l e s  are known. 
A fundamental s t e p  i n  s o l v i n g  problems of t h i s  n a t u r e  is t o  
determine how t o  opt imal ly  j o i n  t h e  a r c s  of t h i s  t r a j e c t o r y  toge the r  
a t  the c o m e r  po in t s .  Methods f o r  handling c o m e r s  r e s u l t i n g  from 
s ta te  v a r i a b l e  c o n s t r a i n t s  are t o  be found i n  t h e  l i t e r a t u r e .  These 
1 
methods are based on the concept of introducing the equation of 
constraint into the formulation of the problem with the use of 
Lagrange multipliers. As a result of this procedure, two sets of 
Euler equations are obtained. 
unrestricted segments of the trajectory, and one set is applicable 
to the trajectory which follows the constraint. In addition, corner 
conditions are obtained which govern the joining of these segments. 
The difficulty associated with this procedure is that the jumps in 
the Lagrange multipliers and the Hamiltonian function are obtained 
separately at the entrance and exit points. 
must be integrated along the state variable constraint in order to 
determine the proper values for the Lagrange multipliers when 
leaving the constraint. If the bounded portion of the trajectory 
is long and if the Euler equations applicable to this portion of 
the trajectory cannot be integrated analytically (they usually 
can't), then considerable errors and difficulties can be intro- 
duced into the solution by the numerical integration of these 
equations. 
One set is applicable for the 
Thus the Euler equations 
In this paper it is demonstrated that for problems with one 
control variable, the conditions needed for optimally joining corner 
points can be obtained without integrating the Euler equations along 
the restricted trajectory. This may be done by confining attention 
to the unrestricted portion of the trajectory and considering the 
optimal trajectory to be discontinuous between points which contain 
the restricted trajectory. If this procedure is followed, a set of 
obtained for the state variables by analytically integrating the 
dynamical constraint equations subject to the restriction. * The 
"jump" conditions for the associated Lagrange multipliers are 
obtained immediately from the corner conditions which are developed 
here for trajectories with discontinuities in the state variables. 
This gives directly the change in the state variables, Lagrange 
multipliers, and Hamiltonian function between the points where the 
optimal path meets and leaves the bounding constraint. This means 
that the only time the Euler equations need be integrated is over 
portions of the trajectory which are unrestricted. It is further 
demonstrated in this paper that a problem with a discontinuity 
resulting from considerations just discussed may be transformed into 
a problem with continuous state variables through the use of parameters. 
Although the two cases are theoretically equivalent, this procedure 
may be useful in working out the solutions to a specific problem. 
jump" conditions in terms of entering and leaving points are 11 
A number of examples which include the use of parameters are 
worked out in detail in this paper to illustrate the new procedure 
*The requirement of being able to analytically integrate the 
restricted equations of motion is met for a large class of important 
problems as will be shown in Section Iv. 
2 
which may be used to handle problems formulated with state variable con- 
straints, coasting arcs, and discontinuities in state variables. One of 
these examples of particular interest which involves coasting arcs and 
discontinuities is the determination of the optimal flight of a multi- 
stage rocket vehicle. 
those 
The methods for handling restricted arcs presented in Section I11 
involve a discussion of the use of parameters. Since the necessary 
optimizing conditions for variational problems with parameters is not 
readily found in the literature, the development of the necessary 
optimizing conditions for a general problem of Bolza formulated with 
parameters is presented first in Section 11. 
section is the introduction of the functional z* with an explanation 
of how the requirement dz* = 0 results in a necessary end point corner 
condition for an extremum. This condition is fundamental to the methods 
presented in Section 111. 
Also included in this 
SECTION I1 
AN EXTENSION OF THE PROBLEM OF BOLZA 
The Formulation 
The introduction of parameters and additional constraints - The 
problem of Bolza, as formulated by Bliss’, may be written in terms of 
the modern concepts of state and control variables. 
notation, the problem of Bolza is that of finding in a class of state 
and control variables functions 
Using this modern 
. yi(t) Uk(t) i = l., ..., ,n k = l,...,m (2.1) 
satisfying differential equations and end conditions of the form 
In this section the problem of Bolza will be extended so that 
parameters and additional constraints relating both end points and 
3 
corner points can also be included in the above formulation. The 
optimizing conditions which result from this extension will be needed 
for the development of the methods for handling restricted arcs as 
presented in Section 111. 
In order to formulate the problem of Bolza to include parameters, 
two approaches may be used to introduce them. 
either as a separate quantity resulting in three types of variables, 
namely, state, control, and parameter, or the parameters may be con- 
sidered as state variables with an equation of constraint given by, 
They may be introduced 
p = 0, 
The former approach has been used by Pontryagin2 to introduce 
parameters into the formulation of the Maximum Principle. 
approach is simpler, however, and will be used here. Even though a 
parameter will be treated as a state variable in the following analysis, 
it will be given a special symbol, p, in order to avoid confusion. 
The latter 
Constraints relating to end points and/or corners will be intro- 
duced by employing the following notation for these conditions 
'+'e(tq,Yiq,Pj) = 0 , e = l...v s (n + l)f (2 5) 
j = O,l,...S 
q = l...f 
where q refers to an end point or a corner point. In particular, 
q = 1 and q = f are end points and q = 2 , 3 ,  ... f - 1 are corner points. 
The range on the subscripts i,k,e,j, and q will be as given in 
equations (2.1) and (2.5) for the remainder of the material presented 
in this report. 
The extended problem of Bolza to be considered here will be that of 
finding in a class of state and control variable functions 
satisfying differential constraints and end point/corner conditions of 
the form 
Those which minimize a sum of the form 
(2.10) 
4 
The Necessary Optimizing Conditions 
Introduction of Lagrange Multipliers - The necessary optimizing con- 
ditions for the above problem with constraints can be obtained by applying 
the usual method of Lagrange multipliers3. 
optimal solutions to the following functional formed with the use of the 
multipliers pe , Xi, and Xj 
The assertion is made that 
subject to no constraints will also be solutions to the functional form 
given by equation (2.10) subject to the constraints (2.7), (2.8), and 
(2.9). given by equation (2.11) is 
not only a function of the path connecting the points q [yi(t), uk(t),p ] 
but also the quantities y. t and p associated with the points q. The 
necessary optimizing conditions for extremizing Z* , and hence the original 
problem, are obtained by applying the general principle that the optimizing 
conditions which determine the path with all of the points q fixed will 
remain unchanged if the points q are considered as free. Hence, two sets of 
optimizing criteria will, in general, have to be satisfied: conditions 
relating to the path and conditions relating to the points q. 
It is noted that the functional Z* 
j 
19' 4 j 
Optimal path conditions - The optimizing conditions relating to the 
path are obtained by fixing all of the points q so that Z" becomes 
(2.12) 
If the Hamiltonian function H is defined in the usual fashion, 
Then the above integral may be written as 
The optimal path connecting the two points tl and tf may be discontinuous 
at the points q. 
to extremize Z* 
Between any two points q and q + 1 the necessary conditions 
as given by the Euler equations from the calculus of 
5 
4 v a r i a t i o n s  are a s  fo l lows  
The t o t a l  s o l u t i o n  
s e v e r a l  cont inuous 
a H  + h = 0, 
a Y i  
i -
- aH + h j  = 0, 
ap 
j 






between t l  and tf i s  obta ined  by j o i n i n g  toge the r  t h e  
arfs between t h e  p o i n t s  q ,  each of which s a t i s f i e s  t h e  
above Euler  equations'. 
By n u l t i p l y i n g  equat ion  (2.15) by dyi equat ion  (2.16) by dp and 
equat ion (2.17) by duk and adding,  i t  is easy t o  show t h a t  t h e  a % ove set  
of equat ions  has  t h e  fo l lowing  f i r s t  i n t e g r a l  
dH = .a& 
d t  a t  . (2.18) 
A f u r t h e r  necessary  cond i t ion  f o r  ex t remiz ing  t h e  i n t e g r a l  given by 
equat ion  (2.12) i s  given by c e r t a i n  requirements  on t h e  Weierstrass E 
funct ion6.  By re formula t ing  t h i s  cond i t ion  i n  terms of t h e  n o t a t i o n  used 
h e r e  and fol lowing t h e  methods of r e f e r e n c e  6 ,  i t  i s  easy t o  show t h a t  
t h e s e  requirements  reduce t o  
Ho ' "0 (2.19) 
where Ho r e p r e s e n t s  t h e  f u n c t i o n  H eva lua tedwi th  r e s p e c t  t o  opt imal  c o n t r o l  
and "0 r e p r e s e n t s  t h e  Funct ion H eva lua ted  w i t h  r e s p e c t  t o  non-optimal 
c o n t r o l  
It i s  concluded from equat ion  (2.19) t h a t  H t a k e s  on a maximum wi th  
r e spec t  t o  t h e  c o n t r o l  v a r i a b l e s  Uk. 
O p t i m a l  end point-corner  cond i t ions  - The opt imiz ing  cond i t ions  r e l a t i n g  
t o  t h e  po in t s  q are e a s i l y  obta ined  by n o t i n g  t h a t  once a pa th  i s  s p e c i f i e d  
f o r  equat ion  (2.11), t h e  f u n c t i o n  Z is then  only  a f u n c t i o n  of q u a n t i t i e s  
y iqgq ,p j  a t  t h e  p o i n t s  q. 
minima, t h e  necessary cond i t ion  t h a t  Z 
q u a n t i t i e s  i s  given by dZ* 
* 





order to obtain an explicit expression for this condition, 
(2.11) is first written as 
[- Hdt + Xidyi + X.dp.1. 
J J  
z* = z + peYe = 
Since the integrand in equation (2.20) does not necessarily repre- 
sent a continuous function at the points q = 2 , 3  ... f-1 , the interval 
of integration may be split into a number of subintervals with the 
original integral represented as a sum of integrals as follows 
(q+U - 
[-Hdt + AidYi + X dp I 
j j  
z*  = z + PeYe + 
q= f-l 1 J q+ 
(2.20) 
(2.21) 
where the minus sign is used to indicate that quantities are to be evalu- 
ated just previous to a corner point and the plus sign is used to indicate 
that quantities are to be evaluated just after a corner point. 
notation is not needed for the points q = 1 and f . This 
The end point-corner conditions may now be obtained from equation 
(2.21) by setting dZ* = 0 .' Carrying out this operation gives 
q=l 
In abbreviated notation, 
f-1 
+ 1- Hdt + Aidyi + X = o  
equation (2.22) may be written more simply as 
dZ* = dZ + pedYe + 
The formulation of 
(q+U - E [- Hdt + hidyi + = o  
q=l 
the problem of Bolza has been extended in this 
(2.22) 
(2 .23 )  
section to include parameters defined by equation (2 .8)  and end point- 
corner constraints of the form given by equation ( 2 . 9 ) .  The corresponding 
Euler equations, Weierstrass condition, and end point-corner conditions as 
developed in this section are given by equations (2.15) - (2.19) and 
equation ( 2 . 2 3 ) .  
following section will require use of the extensions presented here. 




Elimination of Restricted Arc 
Problems with restricted segments - It will be assumed in the following 
analysis that the quantity to be extremized as a result of following an 
optimal trajectory can be expressed in the form 
where yi represents n state variables, u a single control variable, and t 
the time. 
general be composed of both restricted and unrestricted segments. Along 
the unrestricted segments, the dynamical and kinematical equations of 
constraint will be assumed to be of the form, 
It will also be assumed that the optimal trajectory will in 
where the control is completely free to be determined optimally. 
A restricted segment of the trajectory is classified as one along which 
no optimal control law can be determined. Rather, the control is completely 
predetermined as a result of the statement of the restriction. The following 





Between two points in state space, determine the optimal 
trajectory which will extremize expression (3.1) subject 
to constraints (3.2) and which does not violate a region 
R in state variable space. 
Between two points in state space, determine the optimal 
trajectory which will extremize expression ( 3 . 1 )  subject 
to constraints (3.2) for which a portion of the trajectory 
must be flown for a given length of time with the specified 
control u( t) . 
Between two points in state space, determine the optimal 
trajectory which will extremize expression (3.1) for which 
a portion of the trajectory is flown subject to constraints 
(3.2) and a portion of the trajectory must be flown accord- 
ing to modified constraints. 
Some physical examples of problems of the type mentioned above for aircraft 
and rockets are given in Section Iv. 
a 
For t h e  purpose of d i scuss ion ,  it w i l l  be assumed t h a t  t h e  opt imal  
t r a j e c t o r y  i n  s ta te  space f o r  each of t h e  above s i t u a t i o n s  can be  repre-  
s en ted  g r a p h i c a l l y  as a curve i n  two dimensional space wi th  y i  and t as 








FIGURE 3.1 OPTIMAL TRAJECTORY IN STATE SPACE 
For t h e  case shown i n  F igure  I t h e  f i r s t  and t h i r d  segments r ep resen t  
u n r e s t r i c t e d  p o r t i o n s  of t h e  t r a j e c t o r y  and t h e  middle segment r e p r e s e n t s  
t h e  r e s t r i c t e d  p o r t i o n  of t h e  t r a j e c t o r y .  I f  t h e  segments of an opt imal  
t r a j e c t o r y  do n o t  d i s t r i b u t e  themselves i n  t h i s  f a sh ion  o r  i f  t h e r e  are 
more r e s t r i c t e d  and u n r e s t r i c t e d  segments than shown, t h i s  w i l l  n o t  s ig -  
n i f i c a n t l y  a l te r  t h e  fol lowing procedure.  
a l l  t r a j e c t o r i e s  w i l l  b e  assumed t o  be  as shown i n  F igure  1. 
Hence, f o r  t h e  sake  of b r e v i t y  
Analysis-For t h e  t r a j e c t o r y  shown i n  Figure 3.1, t h e  f u n c t i o n a l  form 
given by expression(3.1) may be  w r i t t e n  as fol lows 
Now s i n c e  t h e  c o n t r o l  l a w  i s  known along t h e  r e s t r i c t e d  p o r t i o n  of t h e  tra- 
j e c t o r y ,  t h e  dynamical c o n s t r a i n t s  equat ions (3.2) o r  (3.3) ,whichever i s  




and t h e  second i n t e g r a l  i n  t h e  express ion  (3.4) may b e  w r i t t e n  as (with t h e  
a i d  of equa t ions  (3.2) o r  (3 .3))  
f 3- 
9 
Hence the original statement of the problem contained in equations (3.1), 
(3.2), and possibly (3.3) may be reformulated as follows: Extremize the 
functional form given by 
subject to the following dynamical and kinematical equations of constraint 
9i = Qi(Y1,**.Yn,u,t) 9 (3.8) 
plus the following "jump" conditions 
q y i 2  ; 'Yn2 3 3 ,  'Yn3, t 2, t ) = O .  3 ( 3 . 9 )  
For the purpose of analysis, the trajectory illustrated in Figure 3.1 is now 
thought of as being discontinuous between the points 2 and 3. The resulting 





FIGURE 3.2 DISCONTINUOUS OPTIMAL TRAJECTORY WITHOUT RESTRICTED ARC 
In addition to the dynamical and kinematical equations of constraint 
given by equation (3.2) the original problem may have had imposed, additional 
constraints relating to end points and/or corners. These additional con- 
straints remain unchanged in transforming from the original problem to the 
reformulated one. These constraints for this problem may be written in the 
form, 
(3.10) 
Variations of the point 2 in general cannot be made arbitrarily (even 
though this is a point of discontinuity) but must be made consistent with 
the arc or boundary which passes through the points 2 and 3. From the 
statement of the problem, the equation of this boundary can usually be put 
in the form 
O(Yi,t) = 0 (3.11) 
10 
I ’  
In particular this equation can be written as 
(3.12) 
For most situations, introduction of equation (3.12) will insure that 
variations of point 2 will be made consistent with the constraint 
O(yi t) = 0 at the point 2. 
constraint given in Section IV will require a slight extension of the con- 
dition given by equation (3.1211 The jump conditions (3.9) insure that 
variations of the point 3 will be made consistent with O(yi t) = 0 at the 
point 3. 
of the points 1,2,3, and f. 
[An example problem involving a second order 
Equations (3.91, (3.10) , and (3.12) together resthct variations 
I 
The necessary optimizing conditions for this problem may now be obtained 
by using the method of Lagrange multipliers to incorporate equations (3.8), 
(3.9), (3.10) and (3.12) into the expression (3.7). If the usual definition 
of the Hamiltonian function [equation (2.13)] is used, then the following 
functional form is obtained. 
I 
I 
I /r!-H + Xi$i]dt . (3.13) Z* = Z + 8 + pe$e + viai + .rre + + Xi$i]dt + 
where Xi v and IT are Lagrange multipliers. 
, k  i, 
Using the same arguments as in Section 11, it is concluded that the 
following Euler equations represent necessary conditions to be satisfied by 
each optimal segment of the unrestricted trajectory shown in Figure 3.2. 
State variable Euler Equation: aH dhi - 
a y i + T = O  
Control variable Euler Equation: 3 = O .  
2U 
dH - aH First Integral to Euler Equations: - - -  




As before , the Weierstrass condition gives the further necessary condition that 
to minimize Z*,H takes on a maximum with respect to the control variable u 
along each of the unrestricted segments. 
As shown in Section 11, the optimizing condition relating to the points 
1, 2, 3, and f are obtained by requiring that dZ* = 0. This additional 
requirement, using the shorthand notation of Section I1 may be written as 
2- f 
In addition to obtaining the usual transversality conditions for the end 
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p o i n t s ,  t h i s  l a t t e r  cond i t ion  i s  used t o  determine t h e  changes i n  H and A i  
i n  "jumping" from t h e  p o i n t  2 t o  t h e  p o i n t  3. 
i n  t u r n  is a candida te  t o  extremize t h e  f u n c t i o n a l  (3.7).  
which extremizes (3.7) w i l l  a l s o  extremize t h e  f u n c t i o n a l  (3.1) s u b j e c t  t o  
t h e  r e s t r i c t i o n s  prev ious ly  d iscussed .  Several example problems are given 
i n  Sec t ion  I V  i l l u s t r a t i n g  t h e  use of equat ion  (3.17).  
S u f f i c i e n t  in format ion  i s  con- 
t a i n e d  i n  equat ions  (3.14143.17)  t o  s o l v e  f o r  a s t a t i o n a r y  t r a j e c t o r y  which I 
A t r a j e c t o r y  
The U s e  of Parameters  i n  t h e  
El imina t ion  of R e s t r i c t e d  Arcs 
Def in i t i on  of parameters - The t r a j e c t o r y  depic ted  i n  F igure  3.2 w i l l  
n o t  n e c e s s a r i l y  be  d iscont inuous  i n  a l l  of t h e  v a r i a b l e s  y i  and t. 
a given v a r i a b l e  i s  d iscont inuous  o r  n o t  depends upon t h e  n a t u r e  of t h e  
condi t ion  which produced t h e  r e s t r i c t e d  arc. 
can be  made cont inuous aga in  a t  t h e  p o i n t  2 through t h e  i n t r o d u c t i o n  of 
parameters.  I f  a set  of parameters  are def ined  t o  be  equal  t o  t h e  va lue  of 
t h e  d i s c o n t i n u i t y  f o r  each v a r i a b l e  between t h e  p o i n t s  2 and 3, 
Whether 
However a l l  of t h e  v a r i a b l e s  
(3.18) 
t 3  - t 2  = Po 9 (3.19) 
then  the p o i n t  3 i s  i n  e f f e c t  moved t o  t h e  p o i n t  2 (Poin t  3 i s  e l imina ted )  
by rep lac ing  the  v a r i a b l e s  on t h e  f i n a l  arc by 
Y i  + P i  Y (3.20) 
t + P ,  * (3.21) 
The r e s u l t i n g  t r a j e c t o r y  i s  thought of a s  be ing  cont inuous as dep ic t ed  i n  
F igure  3.3. 
Y l  
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FIQURE 3.3 CONTINUOUS OPTIMAL TRAJECTORY WITHOUT RESTRICTED ARC 
12 
. 
The o r i g i n a l  problem may now be  reformulated by in t roducing  equat ions  
I (3.18)-(3.21) i n t o  t h e  express ion  (3.7) t o  give 
8 
+ / :i(yi ,u, t )  d t  + F(yi + pi Y u , t  + p o ) d t y  (3.22) 
o r  more simply 
Z + f3 + + If Fdt . 
2+ 
(3.23) 
I I n  a similar manner equat ions  (3.8) ,  (3 .9) '  and (3.10) may be  r e w r i t t e n  i n  




Equation (3.12) remains unchanged. I f  a Hamiltonian func t ion  i s  def ined  f o r  
each arc as fo l lows  
Then t h e  fo l lowing  f u n c t i o n a l  form, 
(3.30) 
may b e  used,  as b e f o r e ,  t o  o b t a i n  t h e  necessary opt imiz ing  cond i t ions  f o r  t h e  
p a t h  and c o m e r  p o i n t s .  
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The necessary optimizing conditions - The Euler equations applicable 
to the arc 1-2 are given by 
State Variable Euler Equation: (3 .31 )  
Parameter Euler Equation: A .  = 0 (3 .32 )  J 
Control Variable Euler Equation: (3 .33 )  
First Integral to Euler Equation: - dH12 = -  aHI2 
dt at ( 3 . 3 4 )  
The Euler equations applicable to the arc 2-f are given by 
(3 .35)  
Parameter Euler Equation: - aH2f + x j = o  
aPj 
(3 .36 )  
Control Variable Equation: = o  aH2f au 
First Integral to Euler Equation: - dH2f - -  aH2f 
dt at 
( 3 . 3 7 )  
(3 .38 )  
In addition, in order to minimize Z* the Weierstrass condition gives that 
HI2 takes on a maximum with respect to the control variable along arc 1-2 
and H2f takes on a maximum with respect to the control variable along the 
arc 2-f. 
The optimizing conditions relating to the points 1,2,f are obtained using 
This additional require- the methods of Section I1 by requiring that dZ* = 0. 
ment, using the shorthand notation of Section I1 may be written as 
2- f 
+ [ -H12dt + Aidyi + Xjdpj] + [ -H2fdt + Xidyi + Xjdpj] = 0 ( 3 . 3 9 )  
1 2+ 
14 
An example problem illustrating the use of parameters and equations (3 .39)  




Brachistochronic Examples in Aircraft Flight Mechanics 
Equations of motion - The determination of brachistochronic or minimum 
time trajectories for an aircraft present an interesting and useful class of 
problems which are salvable using variational methods. 
in the previous section will now be applied to solve some examples which are 
constrained by state variable boundaries. 
The methods developed 
Following the methods of Reference 6 the dynamical and kinematical 
equations of motion needed for optimal trajectory analysis for an aircraft 
of constant mass, without induced drag and confined to flight in a vertical 
plane over a flat earth may be put into the following nondimensional form. 
LL = u cos y, 
d-r 
where u = I- = non-dimensional velocity 
vr 
- non-dimensional range < = - -  gx
vr 
fl = gx = non-dimensional altitude 
vr 
- r = -  gt = non-dimensional time 
vr 
r = r(u,n) = E = non-dimensional thrust minus drag W 
vr = - 2w = reference velocity 
p0A 
g = acceleration of gravity at sea level 
(4.2) 
x = range 
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y = a l t i t u d e  
t = t i m e  
T = T(y,v) = s p e c i f i e d  t h r u s t  of t h e  a i r c r a f t  
D = D(y,v) = drag  of t h e  a i r c r a f t  
W = weight of t h e  a i r c r a f t  ( cons t an t )  
po = sea level o r  r e fe rence  d e n s i t y  
A = wing area of a i r c r a f t .  
For t h e  a i r c r a f t  descr ibed  by equat ions  (4.1) - (4 .3) ,  t h e  v a r i a b l e s  u ,  
5 ,  and rl r ep resen t  s ta te  v a r i a b l e s  and y a s i n g l e  c o n t r o l  v a r i a b l e .  
b rach i s toch ron ic  problem t o  b e  considered he re  i s  t h a t  of f i n d i n g  t h e  minimum 
t i m e  t r a j e c t o r y  from a given i n i t i a l  s ta te  def ined  by, 
The 
n(+ = 0 , 
t o  a given f i n a l  s ta te  def ined  by . 
u(.rf)  = free 
s u b j e c t  to  c e r t a i n  o t h e r  cond i t ions  which w i l l  r e s u l t  i n  r e s t r i c t e d  t r a j e c t o r i e s  
t o  be discussed i n  what fol lows.  
By s e t t i n g  t h i s  problem up as a problem of Mayer ( F  Z 0, Z = t f - t l ) ,  t h e  
H func t ion  def ined  i n  Sec t ion  I1 becomes 
H = Au(r-sin y) + ASu cos y + X,u s i n  y , (4.10) 
and t h e  E u l e r  equa t ions  as developed i n  r e f e r e n c e  4 become (cons ide r ing  only  t h e  
class of t r a j e c t o r i e s  where A S  # 0, see r e f e r e n c e  7 )  
u Eu le r  Equation: 1 X u  = - A u  au r  - A S  cos y - X, s i n  y , (4.11) 
5 Euler  Equation: 
* 
rl Eu ler  Equation: 
~ 
y Euler  Equation: 
A ; ; = O ,  
A; = xu - a r , 
arl  
xrlu - xu 
t a n  y = , A g P O .  




The fol lowing i s  t h e  f i r s t  i n t e g r a l  t o  t h e  above Euler  Equations 
H - cons tan t .  (4.15) 
Equations (4.1)-(4.3) and (4.11)-(4.15) must b e  s a t i s f i e d  f o r  t h e  u n r e s t r i c t e d  
p o r t i o n  of t h e  t o t a l  opt imal  t r a j e c t o r y  f o r  t h e  nex t  t h r e e  example cases. 
The brachis tochrone  problem wi th  an a l t i t u d e  c o n s t r a i n t  - By s e t t i n g  
0 ,  t h e  problem i n  t h e  preceeding s e c t i o n  reduces t o  t h e  well-known r 
Brachis tochrone problem. 
t h e  fol lowing a l t i t u d e  i n e q u a l i t y  c o n s t r a i n t  
I 
~ 
This  problem w i l l  b e  so lved  i n  t h i s  s e c t i o n  wi th  
(4.16) C ’  n ) n  
It i s  assumed t h a t  an at tempt  t o  so lve  t h i s  problem by means of equat ions  
(4.1)-(4.15) w i l l  v i o l a t e  t h e  c o n s t r a i n t  as  shown i n  F igure  (4.1).  Hence t h e  
opt imal  s o l u t i o n  w i l l  b e  composed of both r e s t r i c t e d  and u n r e s t r i c t e d  arcs a l s o  
depic ted  i n  F igure  (4.1).  
I ”  
€ OPTIMAL TRAJECTORY WITH k /- A RESTRICTED SEOMENT 
UNRESTRICTED OPTIMAL TRAJECTORY 
FIGURE 4.1 THE BRACHISTOCHRONE 
The methods of Chapter 3 may thus  b e  used t o  e l i m i n a t e  t h e  arc 2-3. 
t h e  methods of t h i s  chap te r  t h e  va r ious  func t iona l  q u a n t i t i e s  given i n  t h e  
expres s ion  (3.13) f o r  Z* must f i r s t  b e  determined. S ince  t h i s  i s  a minimum 
t i m e  problem formulated as a problem of Bolza w e  have 
Following 
Z = T f ,  (4.17) 
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6 5 0  . (4 .18 )  
The $e func t ions  involv ing  t h e  endpoint  condi t ions  f o r  t h i s  problem are 
obtained by r e w r i t i n g  equat ions  ( 4 . 4 ) - ( 4 . 9 )  as fo l lows ,  
+ 1 = q = O ,  ( 4 . 1 9 )  
$2 E u1  - cons tan t  = 0 , ( 4 . 2 0 )  
$ 3 =  5 1 = 0  , ( 4 . 2 1 )  
$ 4 -  0 ' 1 = 0  , 
q5 5 5, - cons tan t  = 0 , 
q6 5 qf  - cons tan t  = 0 . 
( 4 . 2 2 )  
( 4 . 2 3 )  
(4 .24 )  
The a func t ions  r e l a t i n g  
2 t o  3 a r e  obtained from t h e  equat ions  of motion by observing t h a t  a long t h e  
c o n s t r a i n t  t h e  c o n t r o l  i s  given by y = 0. 
t h e  "jumps" i n  t h e  s ta te  v a r i a b l e s  from t h e  p o i n t  
Thus t h e  equat ions  of motion can be  
i n t e g r a t e d  t o  g ive  
a1 u3 - u 2 = o ,  
a2 5 C3 - C 2  - u (T - T ~ )  = 0 , 2 3  
a3 : 113 - 112 = 0 . 
Any a l t e r n a t e  way of express ing  t h e s e  r e s u l t s  i s  accept  b l e  f 
( 4 . 2 5 )  
( 4 . 2 6 )  
( 4 . 2 7 )  
r t h e  m a t e r i a l  
which fol lows.  
a l g e b r a i c  manipula t ions  t o  b e  used l a t e r  on. 
The func t ion  0 i s  obtained d i r e c t l y  from t h e  equat ion  of c o n s t r a i n t  t o  g i v e  
To change t h e  form of t h e s e  express ions  merely changes t h e  
0 E q2  - q c =  0 .  ( 4 . 2 8 )  
Thus following t h e  procedures  of Sec t ion  111, dZ* may b e  w r i t t e n  as fo l lows:  
dZ* = dTf + IJ 1 1  dT + p2du1 + p3d5, + u4dql + v5dSf + p6dnf 
+ v1 (du3 - du2) + v2 dc3 - dc, - u2dT3 + u 2 d ~ 2  - ( ~ 3  - ~ 2 )  du2 
2- 
+ v3 (dq3 - dq2) + 7dn2 + + hudu + dC + Xndnll 
r -if + 1-Hdr + Xudu + XCd5 + X dq P O .  J3+ 
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( 4 . 2 9 )  
I -  
The method of Lagrange multipliers allows each of the deviated quantities 
to be considered as independent. Hence, in order to have the above entire * 
I expression equal zero each of the following equations must be satisfied. 
Point 1 d-r: u 1  +HI = 0 Y (4.30) 
du : P2 - Xul = 0 Y (4.31) 
dS : v3 - XS1 = 0 , (4.32) 
dq : v4 - Aql = 0 . (4.33) 
Point 2 dT: ~ 2 ~ 2  - H2- = 0 , (4.34) 
du : (4.35) 
dS : -v2 + XS2- = 0 , (4.36) 
-Vl -V2(T3 - T2) + xu2, = 0 , 
I 
-v3+lT+ )i = o .  (4.37) n2- dn : 
Point 3 dT: -V~UZ + H3+ = 0 , (4.38) 
du : - hU3+ = 0 9 (4.39) 
(4.40) 
dq : v3 - hq3+ = 0 . (4.41) 
I 
Point f dT: l - H f = O ,  





Equations (4.30)-(4.33) yield no usable information, except that the initial 
values ofH,X X and cannot be directly determined from the condition (4.29) 
and may have %b %)e gues&d initially. I 
Equation (4.34) combined with equation (4.38) yields 
H3+ = H2- (4.46) 
Combining this result with equation (4.42) and equation (4.15) it is seen that 
H = 1  (4.47) 
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a long  each of t h e  u n r e s t r i c t e d  p o r t i o n s  of t h e  t r a j e c t o r y .  
Equation (4.35) combined wi th  equat ion  (4.39) y i e l d s  
(4.48) 
S ince  H = 1, t h e  m u l t i p l i e r  v2 may b e  eva lua ted  from equat ion  (4.34) t o  g ive  
v2 = l/u2 . Hence equat ion  (4.48) may be  w r i t t e n  as: 
- ( t 3  - 5 )  
Xu3+ - Xu2- - 
u2 
Equation (4.36) combined wi th  equat ion  (4.40) and t h e  f a c t  t h a t  v2 = l / u 2  
y i e l d s  
(4.49) 
Equation (4.37) combined wi th  equat ion  (4.41) y i e l d s  
(4.50) 
X,3+ = + IT . (4.51) 
Equations (4.44) and (4.45) y i e l d  no informat ion  d i r e c t l y  as t o  t h e  f i n a l  
va lues  of X c  and A,. Equat ions (4.46),  (4.49) and (4.50) and (4.51) g ive  
t h e  "jumps" i n  H ,  X u ,  A s ,  and A,, i n  moving from p o i n t  2 t o  po in t  3. 
The s o l u t i o n  t o  t h e  problem may now b e  obta ined  as fo l lows:  t h e  cond i t ion  
H = 1 w r i t t e n  ou t  and so lved  f o r  X u  becomes 
X, u s i n  y + X s  u cos y -1 
s i n  y 
- 
Xu - (4.52) 
When t h e  above express ion  f o r  X u  i s  s u b s t i t u t e d  i n t o  t h e  c o n t r o l  v a r i a b l e  Euler  
equat ion  (4.14) t h i s  equat ion  reduces t o  
cos y = XEU . (4.53) 
Thus t h e  opt imal  c o n t r o l  depends only on one of t h e  Lagrange m u l t i p l i e r s  X c  
which i n  t h i s  case i s  a cons t an t  
h5 = 1/19 hence 
(equat ion  4:12). From equa t ion  (4.50) 
cos y2 = 1 . (4.54) 
S ince  u2 = u3 i n  t h i s  case i t  immediately fo l lows  t h a t  
cos  y3 = 1 . (4.55) 
Thus t h e  en t rance  and e x i t  c o n d i t i o n s  t o  t h e  r e s t r i c t e d  arc f o r  t h i s  problem 
reduce t o  "tangency" condi t ions .  That  i s ,  t h e  u n r e s t r i c t e d  t r a j e c t o r y  j o i n s  
t h e  restricted t r a j e c t o r y  i n  a smooth f a sh ion .  
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A numerical  s o l u t i o n  t o  t h e  problem can now be  obtained.  [Note: wi th  
r = 0,  t h e  equat ions  (4.1) and (4.3) may be  combined and i n t e g r a t e d  us ing  
t h e  i n i t i a l  cond i t ions  (4.4) and (4.6) t o  y i e l d  t h e  f a m i l i a r  r e s u l t  
2 
can be  determined. Hence t h e  opt imal  s o l u t i o n  can be obtained a n a l y t i c a l l y .  
I .  
Lu2 + T l  = -ul 1 2  
5 . Along t h e  l i n e  rl = rlc , u is known and consequently A 
However, f o r  t h e  purpose of i l l u s t r a t i n g  a gene ra l  numerical  method-, it w i l l  
be assumed t h a t  t h i s  r e s u l t  is  n o t  ava i l ab le . ]  A guess  is f i r s t  made f o r  A 
The c o n t r o l  as determined by equat ion  (4.53) i s  then  s u b s t i t u t e d  i n t o  equat ions  
(4.1)-(4.3) [with r = 01 and t h e s e  equat ions are i n t e g r a t e d  u n t i l  t h e  con- 
s t r a i n t  rl = TI, i s  m e t .  I f  A s  = l / u 2  a t  t h i s  p o i n t ,  then  t h e  i n i t i a l  t r a j e c t o r y  
computed i s  opt imal .  
s a t i s f i e d  a guess  can then  b e  made f o r  t 3  which determines t h e  po in t  3. A 
"jump" t o  p o i n t  3 may now be  made by c a l c u l a t i n g  u 5 , and TI from 
equat ion  (4.25)-(4.27) and X from equat ion (4.58;. 3Evaluation of t h e s e  
q u a n t i t i e s  a l lows  continuatigi'of t h e  i n t e g r a t i o n  process  and i f  t h e  f i n a l  
f i x e d  endpoint  i s  i n t e r c e p t e d  wi th  t h e  r e s u l t a n t  t r a j e c t o r y ,  t h e  proper  choice  
f o r  t 3  was made and t h e  problem i s  solved.  
t h e  end p o i n t  i s  i n t e r c e p t e d  wi th  t h e  f i n a l  t r a j e c t o r y .  
procedure can be  made by us ing  t h e  tangency cond i t ion  i n s t e a d  of t h e  cond i t ion  
5 '  
I f  n o t ,  then a new choice must be  made f o r  X u n t i l  t h e  
cond i t ion  X s  = l / u 2  i s  s a t i s f i e d  a t  t h e  poin t  2. When t h i s  cond i t  f on is 
3 
I f  n o t ,  t 3  must be  ad jus t ed  u n t i l  
Var i a t ions  of t h i s  
X <  = l / u 2 .  
The use  of parameters i n  t h e  previous a p p l i c a t i o n  - The r e s t r i c t e d  
brachis tochrone  problem of t h e  previous s e c t i o n  may a l s o  b e  so lved  by using 
parameters  t o  e l imina te  t h e  r e s t r i c t e d  sub arc. According t o  equat ions  (4.25) 
and (4.27) t h e  v a r i a b l e s  u and TI are continuous from po in t  2 t o  p o i n t  3. The 
v a r i a b l e s  5 and T which have a d i s c o n t i n u i t y  between p o i n t s  2 and 3 may be  
made cont inuous by in t roducing  t h e  fol lowing parameters ;  l e t  
'3 - "5 = Po Y (4.56) 
E 3  - 5, = P2 (4.57) 
With t h e  i n t r o d u c t i o n  of t h e  above parameters t h e  p o i n t  3 i s  e f f e c t i v e l y  
e l imina ted  and t h e  p o i n t  2 may b e  thought of as a cusp o r  " r e f l ec t ed"  
extrema1 from t h e  l i n e  rl = a s  shown below. 
rlC 
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FIGURE 4.2 CONTINUOUS BRACHISTOCHRONE WITHOUT RESTRICTED ARC 
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Following t h e  methods of Sec t ion  111, f o r  t h i s  case 
Z = T f + P o  9 (4.58) 
and B = O .  (4.59) 
The $ func t ions  involv ing  t h e  endpoint  cond i t ions  are w r i t t e n  as e 
q 2 = u 1 - c = o ,  
$3 = 5 , =  0 , 
(4.61) 
(4.62) 
$ , =  n l =  0 Y (4.63) 
$ 5 = 5 f + P 2 - c = 0 ,  (4.64) 
$6 = rIf - c = 0 .  
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(4.65) 
The parameters p and p f o r  convenience i n  what fo l lows  are assumed t o  be 
evaluated a t  p o i n t  1 alghough t h e  s u b s c r i p t s  have been omit ted.  0 
The a func t ions  which previous ly  were r e l a t e d  t o  t h e  "jump" i n  t h e  state 
v a r i a h e s  between t h e  p o i n t s  2 and 3 are now, wi th  t h e  use  of parameters ,  
r e l a t i o n e  i n  terms of t h e  s ta te  v a r i a b l e s  a t  t h e  p o i n t  2 and t h e  parameters .  
(4.66) a 1 E O .  
a2 5 p2 - u2po = 0 . (4.67) 
a 3 E 0 .  (4.68) 
The func t ion  8 remains unchanged and i s  g iven  as 
e = q2 - q c =  0 .  (4.69) 
S ince  t h e  dynamical equat ions  of c o n s t r a i n t  do. n o t  e x p l i c i t l y  con ta in  e i t h e r  
5 o r  T t he  Hamiltonian func t ions  f o r  each of t h e  arcs 1-2 and 2-f are i d e n t i c a l  
and are equal  t o  t h e  one def ined  i n  t h e  p rev ious  s e c t i o n ,  namely 
H = - X  s i n y + X u c o s y + X u s i n y .  (4.70) 
U 5 n 
. 
Thus, t h e  f u n c t i o n a l  form f o r  dZ* may b e  w r i t t e n  as fo l lows  
I dZ* = dTf + dpo + p l d t l  + p2dU1 + P3d51 + ~ 4 d n 1  + ~ 5 ( d S f  + d ~ 2 )  + P'gdrlf 
+ V2(dp2 - U2dp0 - podu2) + "dn2 + -HdT + Xudu + X d5 + X dn + A dpo 5 n PO 
f 
2+ 
-Hdt + Xudu + X d5 + A drl + X dpo + XP2dp2] = 0 (4.71) 
+ A p F 2 ] ;  + [ 5 n PO 
For t h e  above express ion  t o  b e  equal  t o  zero  each of t h e  fol lowing equat ions  
must be s a t i s f i e d :  
Poin t  1 d.r: v l + H 1 =  0 , (4.72) 
' 0 ,  (4.73) p2 - ?l1 du : 
dc: p3  - Xgl = 0 , (4.74) 
dn: p4 - Aril = 0 . (4.75) 
dpo: 1 - v2u2 - X = 0 , (4.76) 
Po1 
dp2: p5 + v2 - A = 0 , 
p21 
(4.77) 
Po in t  2 d f :  -H + H2+ = 0 , (4.78) 2- 
du: -v2p0 + Xu2- - Xu2+ = 0 a (4.79) 
dS: X5-- - X62+ = 0 9 (4.80) 
dq: IT + X - (4.81) n2- hn2+ = O ' 
dpo: X - A  ' 0 ,  
p02- p02+ 




Po in t  f d.r: 1 - Hf = 0 , (4.84) 
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d<:  p5 + X = 0 , 
<f  
dq: p6 + X n f  = 0 , 
dpo: X = 0 , 
POf 






I n  add i t ion  t o  t h e  s ta te  v a r i a b l e  Eu le r  equat ions  (4.11) - (4.14) which are 
v a l i d  on each u n r e s t r i c t e d  t r a j e c t o r y ,  t h e  fol lowing parameter Euler  equat ions  
are app l i cab le  ( v a l i d  f o r  each u n r e s t r i c t e d  t r a j e c t o r y ) .  
dX 




- -  - 0 .  p2 
(4.90) 
S ince  X and A a r e  cons t an t  on each subarc ,  cont inuous a t  po in t  2 and zero  
a t  t h e  f i n a l  p o i n t ,  then  they  are both  ze ro  throughout and equat ions  (4.76) and 
(4.77) reduce t o  
PO p2 
v =.L , 2 
u2 
(4.92) 
(4.93) v2 - vrj = - 
It is  now easy t o  show t h a t  t h e  r e s u l t s  ob ta ined  us ing  parameters  are i d e n t i c a l  
w i t h  those  of t h e  previous s e c t i o n .  A s  they  s t a n d ,  equat ions  (4.72) - (4.75) are 
i d e n t i c a l  with equat ions  (4.30) - (4.33).  Equation (4.78) y i e l d s  d i r e c t l y  t h e  
equ iva len t  combined r e s u l t  of t h e  prev ious  s e c t i o n  g iven  by equat ion  (4.46).  
t h i s  r e s u l t  is combined wi th  equat ion  (4 .84) ,  t h e  r e s u l t  i s  once aga in  obta ined  
t h a t  
If 
H = l ,  (4.94) 
f o r  each po r t ion  of t h e  u n r e s t r i c t e d  t r a j e c t o r y .  
equat ion  (4.79) t h e  express ion  
By combining equa t ion  (4.92) wi th  
5 - PO 
?l2+ hU2- - 
u2 
(4.95) 
is obtained which i s  equiva len t  t o  t h e  combined expres s ion  (4.49) of t h e  prev ious  
s e c t i o n .  Combining t h e  f a c t  t h a t  dX w i t h  equa t ions  (4.86) (4.80) and (4.93) 
-L 0 d-r 
(4.91) 
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I .  
y i e l d s  
(4 .96 )  
which i s  equ iva len t  t o  t h e  combined r e s u l t  (4 .50 )  of t h e  previous s e c t i o n .  
Equation ( 4 . 8 1 )  y i e l d s  d i r e c t l y  t h e  equiva len t  combined r e s u l t  (4 .51 )  and 
f i n a l l y  equat ions  ( 4 . 8 5 )  - (4 .87 )  are i d e n t i c a l  wi th  t h e i r  coun te rpa r t s  
equat ions  ( 4 . 4 3 )  - ( 4 . 4 5 ) .  
Since they  y i e l d  equiva len t  r e s u l t s ,  t h e  methods used t o  so lve  t h i s  
A s  be fo re ,  using a numerical  i n t e g r a t i o n  process ,  problem are n e a r l y  i d e n t i c a l .  
t h e  po in t  2 i s  obta ined  by s a t i s f y i n g  t h e  condi t ion  X 
a guess  i s  now made f o r  p ( in s t ead  of T previously)  and p is computed by 
means of equat ion  (4 .67 )  .' I n t e g r a t i o n  02 t h e  c o n s t r a i n t  equat ions  and opt imizing 
cond i t ion  may now be  cont inued by us ing  t h e  cond i t ion  5 
d i f f e r e n t i a l  equat ion.  
= l / u 2  . A t  t h i s  p o i n t  5 
2 
= c2- + p2 w i t h  t h e  6 2+ 
i 
I 
A i r c r a f t  f l i g h t  mechanics wi th  a v e l o c i t y  c o n s t r a i n t .  The problem t g  b e  
considered i n  t h i s  s e c t i o n  i s  t h e  more genera l  case f o r  which r = K - C u . 
I n  a d d i t i o n ,  t h e  a i r c r a f t  i s  such t h a t  it m u s t  s a t i s f y  t h e  r e s t r i c t i o n .  
D 
c -  U L U  (4 .97 )  
I It is  assumed t h a t  an a t tempt  t o  so lve  t h i s  problem by means of equat ions  
(4.11) - ( 4 . 1 5 )  w i l l  v i o l a t e  t h i s  c o n s t r a i n t  s o  t h a t  t h e  opt imal  s o l u t i o n  w i l l  
be composed of  both r e s t r i c t e d  and u n r e s t r i c t e d  arcs as shown below. 




1 9  I RESTRICTED -i 
€ 
FIGURE 4.3 MINIMUM TINE RESTRICTED AIRCRAFT TRAJECTORY 
The methods of Sec t ion  I11 can be  used t o  e l imina te  t h e  arc 2-f. I n  t h i s  ca se  
(4 .98 )  f '  Z = T  
and B = O ,  (4 .99 )  
The JI f u n c t i o n s  involv ing  t h e  endpoints  fo r  t h i s  problem are w r i t t e n  e 
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as fo l lows:  
l / J 1 - T 1 = O ,  
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( 4 . 1 0 0 )  
$ 2 1 u 1 - c = o ,  ( 4 . 1 0 1 )  
G 3  =- c l =  0 9 ( 4 . 1 0 2 )  , 
l / J 4 ' n 1 = 0  , ( 4 . 1 0 3 )  
q15 f 5, - c = 0 , ( 4 . 1 0 4 )  
l / J 6 : n f - C = O .  ( 4 . 1 0 5 )  
The ai func t ions  r e l a t i n g  t h e  "jumps" i n  t h e  s ta te  v a r i a b l e s  from t h e  p o i n t  
2 t o  f a r e  obta ined  from t h e  equat ions  of  motion by observing t h a t  u t  = 0 along 
t h e  c o n s t r a i n t  s o  t h a t  equat ion  ( 4 . 1 )  can be  solved d i r e c t l y  f o r  s i n  yc t o  g i v e  
I 
( 4 . 1 0 6 )  2 s i n  y = K - CDuC . C 
Equations ( 4 . 2 )  and ( 4 . 3 )  can now be  so lved  d i r e c t l y  f o r  t h e  jumps i n  5 and n. 
The a func t ions  a r e  w r i t t e n  as fo l lows:  i 
a l = U f  - u 2 = o ,  ( 4 . 1 0 7 )  
a2 = 5, - E2 - uc cos  Yc (Tf - 'c2> = 0 , ( 4 . 1 0 8 )  
a3 = nf - n2 - uc s i n  yc ('cf - T2) = 0 . (4.109) 
The func t ion  6 is  obta ined  d i r e c t l y  from t h e  equat ion  of c o n s t r a i n t  t o  g i v e  
e - u  - u  - 0 .  2 c  
Thus t h e  func t ion  dZ* may be  w r i t t e n  as fo l lows  
+ v (duf - du2) + v2[dEf - dS2 - u COS yc (dTf - d'c2)1 1 C 
+ Audu + A dc  + X d5 - 0 .  5 
( 4 . 1 1 0 )  
( 4 . 1 1 1 )  
Considering each of t h e  d i f f e r e n t  d i f f e r e n t i a l s  as being independent y i e l d s  t h e  
following r e s u l t s :  
8 ,  
Po in t  1 d-c: p1 + H1 = 0 , (4.112) 
du: p 2  - Xul = 0 , (4.113) 
d< : p3 - 1  51 = o ,  (4.114) 
dn: v4  - X n l  = 0 , (4.115) 
d-c: v u cos yc + v u s i n  y C - H 2 - = 0  9 2 c  3 c  Poin t  2 





d.r: 1 - v u cos yc - v3uc s i n  yc = 0 , (4.120) 2 c  Poin t  f 
du: v1 = 0 , 
dc: p5 + v2 = 0 , 




As i n  t h e  prev ious  example, equat ions  (4.112) - (4.115) y i e l d  no usab le  
informat ion .  Combining equat ions  (4.116) with (4.120) y i e l d s  
H 2 = 1 .  (4.124) 
Combining t h i s  r e s u l t  w i th  equat ion  (4.19) i t  i s  seen t h a t  
H = l  (4.125) 
a long  t h e  u n r e s t r i c t e d  p o r t i o n  of t h e  t r a j e c t o r y .  
equat ion  (4.121) wi th  equat ion  (4.117) y i e l d s  
Combining t h e  r e s u l t  of 
Equat ions (4.118) and (4.122) combine t o  give 
(4.126) 
Xs2, = -P5 Y (4.127) 
27 
and equat ions  (4.119) and (4.123) combine t o  g ive  
X = -p6 . n 2- (4.128) 
If equat ions  (4.118) and (4.119) are s u b s t i t u t e d  i n t o  equat ion  (4.120) t h e  
fo l lowing  r e s u l t  i s  obtained 
1 - AC2-UC cos  y c - Xr12- u c s i n y  = O .  (4.129) C 
The s o l u t i o n  t o  t h e  problem considered i n  t h i s  s e c t i o n  may now be obta ined .  
The Euler  equat ions  (4.12) and (4.13) i n  t h i s  case reduce t o  
X = cons tan t  = a , 
5 
(4.130) 
X = cons tan t  = b . (4.131) 
II 
Equation (4.129) may be w r i t t e n  as 
auC cos y + bu s i n  yc = 1 . C C (4.132) 
S ince  H = 1 along t h e  u n r e s t r i c t e d  t r a j e c t o r y ,  t h e  f i r s t  i n t e g r a l  express ion  
(4.15) may b e  w r i t t e n  as fo l lows  
X u  ( r  - s i n  y) + au  cos y + bu s i n  y = 1 . (4.133) 
Now s i n c e  t h i s  express ion  must hold throughout t h e  u n r e s t r i c t e d  t r a j e c t o r y ,  i n  
p a r t i c u l a r ,  it must hold when u f i r s t  reaches  t h e  va lue  u Under such circum- 
s t a n c e ,  t h e  above equat ion  reduces t o  C'  
2 A U  [ K  - C u - s i n  y 3 + auC cos y + bu s i n  y2- = 1 D C  2- 2- C (4.134) 
This  equat ion w i l l  s a t i s f y  t h e  requirement given by equa t ion  (4.132) f o r  j o i n i n g  
t h e  r e s t r i c t e d  segment provided t h a t  
(4.135) 
Thus, as with t h e  preceding example t h e  j o i n i n g  c o n d i t i o n  i s  a tangency condi t ion .  
I n  t h i s  case, condi t ion  (4.135) i s  t h e  most convenient  one t o  use  f o r  determining 
t h e  l o c a t i o n  of  po in t  2. 
t h e  methods of r e fe rence  6 .  When t h e  boundary u = u is  m e t ,  cond i t ion  (4.135) 
i s  used t o  determine i f  t h e  choices  made f o r  t h e  i n i f i a l  cond i t ions  were proper .  
With t h e  c o r r e c t  choices  f o r  t h e  i n i t i a l  c o n d i t i o n s ,  s i n c e  t h e  r e s t r i c t e d  seg- 
ment i s  a l s o  t h e  f i n a l  segment, i f  t h i s  segment pas ses  through t h e  d e s i r e d  
endpoin t ,  then t h e  f i n a l  t i m e  T~ can be  c a l c u l a t e d  from equa t ion  (4.108) o r  
(4.109) and t h e  problem is so lved .  
The u n r e s t r i c t e d  t r a j e c t o r y  may b e  genera ted  us ing  
28 
An Example With A Second Orde r  Cons t r a in t  
Equations of c o n s t r a i n t  - An n t h  order c o n s t r a i n t  is def ined  as 
fol lows:  For a given i n e q u a l i t y  cons t r a in t  of t h e  form 
(4 .136 )  
is  t h e  f i r s t  d e r i v a t i v e  of S which e x p l i c i t l y  con ta ins  t h e  c o n t r o l  
dnS 
i f  - 
d tn  dnS 
v a r i a b l e  (upon s u b s t i t u t i n g  t h e  dynamical equat ions  of c o n s t r a i n t  i n t o  -) 
d t n  
Then S i s  c a l l e d  an n t h  order  cons t r a in t .  
An i l l u s t r a t i v e  examgle problem involving a second o rde r  c o n s t r a i n t  has  
been worked ou t  by Bryson who a p p l i e s  a gene ra l  method, which r e q u i r e s  t h e  
i n t e g r a t i o n  of t h e  Euler  equat ions  along t h e  r e s t r i c t e d  arc. The fol lowing 
a n a l y s i s  shows t h a t  t h i s  same problem can a l s o  b e  solved by e l imina t ing  t h e  
r e s t r i c t e d  arc as d iscussed  i n  Sec t ion  111. 
The example problem i s  formulated as  fo l lows:  minimize E s u b j e c t  t o  f t h e  fo l lowing  d i f f e r e n t i a l  equat ions  of c o n s t r a i n t ,  
2 i = L a  , 
2 
v = a  Y 
(4 .137 )  
(4 .138)  
x = v  ¶ (4 .139)  
and t h e  i n e q u a l i t y  
S i x - R L O .  (4 .140)  
The i n i t i a l  va lues  of E ,  v ,  x ,  and t as w e l l  as t h e  f i n a l  va lues  of x ,  v and t 
are given.  
s i n g l e  c o n t r o l  v a r i a b l e  a,  l eav ing  one degree of freedom. 
equa t ion  (4 .140 )  is of second order  s ince  
I n  t h i s  case t h e r e  are t h r e e  s ta te  v a r i a b l e s  E ,  v ,  and x and a 
The c o n s t r a i n t  
(4 .141)  
i s  t h e  f i r s t  d e r i v a t i v e  of S i n  which t h e  c o n t r o l  v a r i a b l e  "a1' appears.  
I f  t h i s  problem is  set up as a problem of Mayer (z = Ef , F 5 0) then  
t h e  Hamiltonian func t ion  as def ined  i n  Sec t ion  I1 becomes 
(4 .142)  
2 
E 2  V H = X  l a  + x ~ + x ~ v .  
The Eu le r  Equat ions w i t h  t h i s  H func t ion  are as fol lows:  
E Euler  Equation: A E  = o ,  (4 .143 )  
29 
v Euler  Equation: X = -X 
V x ’  
x Euler  Equation: h = 0 , 




(4 .144 )  
(4 .145 )  
(4 .146 )  
With the fol lowing f i r s t  i n t e g r a l  t o  t h e  Euler  Equations 
H = Constant . (4 .147)  
Restructed s o l u t i o n  - It is  now assumed t h a t  an a t tempt  t o  s o l v e  t h i s  
problem by means of t h e  above equat ions  wi th  a given set of i n i t i a l  and 
f i n a l  condi t ions  w i l l  v i o l a t e  t h e  i n e q u a l i t y  c o n s t r a i n t  as shown i n  
F igure  4.4.  
and u n r e s t r i c t e d  arcs. 
Hence t h e  opt imal  s o l u t i o n  w i l l  be  composed of both  r e s t r i c t e d  











FIOURE 4.4 RESTRICTION DUE TO SECOND ORDER CONSTRAINT 
Following the  methods of Sec t ion  111, t h e  arc 2-3 may now b e  e l imina ted .  
t h i s  case 
I n  
z = E f ,  (4 .148 )  
B = O .  (4 .149 )  
The fol lowing i n i t i a l  and f i n a l  cond i t ions  w i l l  b e  chosen f o r  t h i s  example 
4 
JI, = t l =  0 , (4 .150 )  
JI = H  = 0 ,  2 -  1 (4.151) 
J13 z v1 - 1 = 0 , ( 4 . 1 5 2 )  
J14 z x l = o ,  (4 .153 )  
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qJ 5 -  = t  f - 1 = o ,  (4.154) 
U J 6 E  Vf + 1 = 0 ,  (4.155) 
U J 7 - X f = 0 .  (4.156) 
The "jumps" i n  t h e  s ta te  v a r i a b l e s  from the  p o i n t  2 t o  3 are obtained from t h e  
dynamical equat ions  of c o n s t r a i n t  by observing t h a t  a long t h e  c o n s t r a i n t  t h e  
c o n t r o l  a = 0 . 
a l Z E 3 - E 2 = 0 ,  (4.157) 
a2 v3 - v2 = 0 , (4.158) 
a 3 - x 3 - x 2 = 0 .  (4.159) 
I n  t h i s  case i n  o rde r  t o  make v a r i a t i o n s  of po in t  2 c o n s i s t e n t  wi th  t h e  
boundary, two cond i t ions  must b e  s a t i s f i e d .  
e 1 - x 2 - E = o ,  (4.160) 
0 2 f v 2 = 0 .  (4.161) 
The dZ* func t ion  becomes 
dZ* = dEf + p d t  + p dE + p dv + p dx + p5dtf + p6dvf + u7dxf 1 1  2 1  3 1  4 1  
+ vl(dE3 - dE ) + v2(dv3 - dv2) + v3(dx - dx2) + vldx2 + ~ 2 d v 2  2 3 
I f  + [-Hdt + XEdE + A dv + Xxdx V 
f 
+ [-Hdt + XEdE + X dv + Xxdx = o .  
V 
(4.162) 
By r e q u i r i n g  t h a t  each of t h e  d i f f e r e n t i a l  express ions  b e  equal  t o  zero  r e s u l t s  
i n  : 
Poin t  1 d t :  p l + H 1 =  0 > (4.163) 
dv : P3 - Xvl = 0 9 (4.165) 
dx : u4 - Xxl = 0 , (4.166) 
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d t :  -H = O ,  (4.167) 2- Poin t  2 
dE : + 'E2- = o ,  (4.168) 
dv : -v2 + xv2- + TI2 = 0 , (4.169) 
-v3 + Ax2- + TI = 0 , 1 dx : 
Poin t  3 d t :  H3+ = 0 , 
dE : - 'E3+ = Y 
- dv : v2 Xv3+ = 0 Y 
v3 - Ax3+ = 0 Y dx : 







dE: 1 + AEf = 0 , (4.176) 
dx : p7  + Xxf = 0 . (4.178) 
Equat ions (4.163) - (4.166) y i e l d  no u s a b l e  information.  The i n i t i a l  v a l u e s  
of H ,  X and X x  cannot b e  determined d i r e c t l y  from c o n d i t i o n  (4.162). E '  'v' 
Since  H i s  c o n s t a n t  a long each of t h e  u n r e s t r i c t e d  t r a j e c t o r i e s ,  equa t ions  
(4.167) and (4.170) r e q u i r e  t h a t  
H = O  (4.179) 
a long arcs 1-2 and 3-f. Equat ions (4.168) and (4.172) may b e  combined t o  
y i e l d  
- 
'E3+ - 'E2- (4.180) 
Equat ions (4.169) and (4.173) may b e  combined t o  y i e l d  
(4.181) - Xv3+ - Xv2- + =2 
Equat ions (4.170) and (4.174) may b e  combined t o  y i e l d  
+ 1 1  - Xx3+ Xx2- 1 (4.182) 
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Equations (4.175), (4.177) and (4.178) y i e l d  no usable  information.  Equation 
(4.176) g ives  d i r e c t l y  t h e  u s e f u l  r e s u l t  hEf = -1 . 
with  equat ions  (4.143) and (4.180) y i e l d s  
Combining t h i s  r e s u l t  
A E  = -1 (4.183) 
along each of t h e  arcs 1-2 and 3-f. 
The s o l u t i o n  t o  t h e  problem may now b e  obta ined  by i n t e g r a t i n g  t h e  Eu le r  
equat ions  i n  conjunct ion wi th  t h e  equat ions of motion. According t o  t h e  
Euler  equat ion  (4.145) A i s  a cons tan t  along each of t h e  arcs 1-2 and 3-f. 
I f  b is t h i s  cons tan t  along t h e  f i r s t  a r c  X 
a = X v l - b t  , O i t ( t 2  
a = A  v3+ - d ( t -  t 3 ) .  t 3 -  < t L l  
S u b s t i t u t i n g  X 
(4.142) w i t h  tge appropr i a t e  optimaf con t ro l  equat ion  (4.188) o r  (4.189) 
y i e l d s  
= a,  AE = -1, and X = b o r  Ax = d i n t o  t h e  H func t ion  equat ion 
Ax = b ,  o z t i t ,  (4.184) 
Then according t o  equat ion  (4.182) along t h e  second a r c  t h e  cons t an t  is 
b + IT, o r  a l t e r n a t e l y  
A x = d .  t 3 F t l l  (4.185) 
This  in format ion  may now be used t o  i n t e g r a t e  t h e  Euler  equat ion  (4.144) t o  
g i v e  
(4.186) Av = -bt  + Xvl , 0 2 t 5 t2 
(4.187) 
These r e s u l t s  p l u s  equat ion  (4.183) may now b e  s u b s t i t u t e d  i n t o  t h e  Euler  
equa t ion  (4.146) t o  y i e l d  t h e  opt imal  con t ro l  l a w  along each of t h e  unre- 
s t r i c t e d  sub arcs. 
(4.188) 
(4.189) 
1 2 H = - (Avl - b t )  + bv 
2 
0 L t L t 2  
H = -  1
2 
2 
- d ( t  - t3) 3 + dv b 3 +  
(4.190) 
t3 5 t 5 1 (4.191) 
S ince  H = 0 throughout t h e  u n r e s t r i c t e d  arcs, t h e  fol lowing r e s u l t s  are 
ob ta ined  by s e t t i n g  H = 0 a t :  
P o i n t  1 [ t  = 0, v1 = 11 = -2b (4.192) 
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- l v l  Point  2 [ t  = t2 , v2 = 01 t2 - -  
b 
(4.193) 
[Note: From equat ions  (4.158) and (4.161) v2 = v 3 = 01 
Point  3 [ t  = t3 , v3 = 01 IV3+ = O (4.194) 
[ t  = 1 , v = -13  [ -d ( l  - t , )]  -d = 0 (4.195) Point  4 
2 
f 2 
By s u b s t i t u t i n g  equat ion  (4.193) i n t o  equat ion  (4.188) and equat ion  (4.194) 
i n t o  equat ion (4.189) i t  i s  seen  t h a t  t h e  opt imal  c o n t r o l  j u s t  p rev ious  t o  
t h e  cons t ra ined  arc a t  t h e  po in t  2 i s  zero  and l i kewise  a t  t h e  p o i n t  3. 
With t h e  opt imal  c o n t r o l  l a w  g iven  by equat ions  (4.188) and (4.189) 
equat ions  (4.138) and (4.139) may be  i n t e g r a t e d  t o  y i e l d :  
(4.196) 
v = - -  ( t  - t 3 )  2 , t A t 5 1  (4.197) 
3 2 
(4.198) 
x = R --(t  d - t 3 I3  
6 
t 4 t 5 l  3 -  
(4.199) 
- I V l  Applying t h e  cond i t ion  t h a t  x = R a t  t = t 2  - - t o  equat ion  (4.198) 
y i e l d s  : b 
b = -  - 2 (4.200) 
9R2 
Thus from equat ion  (4.192) 
- 2  XVl - - - 
3 R  
(4.201) 
and from equat ion (4.193) 
t2 = 3R . (4.202) 
Applying t h e  cond i t ion  t h a t  x = 0 when t = 1 t o  equa t ion  (4.199) y i e l d s  
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(4.203) 
Thus from equat ion  (4.195) 
t = 1 = 3 R  . 3 
The time spent  on t h e  r e s t r i c t e d  a r c  i s  given by 
(4.204) 
t - t  = 1 - 6 R  . (4.205) 3 2  
It is noted from t h i s  equation t h a t  t h e  t i m e  spen t  on t h e  arc goes t o  zero 
when R = I . It is concluded t h a t  f o r  0 2 II < 
w i l l  be spen t  on t h e  r e s t r i c t e d  arc. The optimal s o l u t i o n  i n  t h i s  ca se  is  
g iven  by t h e  following sets of equations.  
a f i n i t e  l eng th  of t i m e  
6 6 
For 0 - < t 1. 3% : 
t ,  (4.206) 2 a = - -(I - - 3R 3R 
d 
I -  
For 3R ~t 5 1 - 3R 





a = O  (4.210) 
E = -  2 
9R 
(4.211) 
v = o  (4.212) 
x = R  (4.213) 
For 1 -  3 R ~ t 5 1  
2 1-t) a = - - (1 - 
3R 3R 






Unres t r i c t ed  s o l u t i o n .  An i n t e r e s t i n g  f e a t u r e  of t h i s  problem i s  t h e  
f a c t  t h a t  R must b e  g r e a t e r  than  114 i n  o rde r  f o r  t h e  r e s u l t a n t  t r a j e c t o r y  
t o  be  u n r e s t r i c t e d .  
s t r a i n t  and Euler  equat ions  without  imposing t h e  cond i t ions  given by 
equat ions (4.167) - (4.174). [Po in t s  2 and 3 do n o t  e x i s t ]  
This  i s  easy t o  show by simply i n t e g r a t i n g  t h e  con- 
I The endpoint  cond i t ion  (4.176) r e q u i r e s  t h a t  A = -1 as be fo re ,  and 
t h e  Euler  equat ion  (4.145) r e q u i r e s  t h a t  X 
j e c t o r y .  
b e  consfant  throughout t h e  tra- 
The opt imal  c o n t r o l  equat ion  t h e 5  becomes 
a = -A t + hvl . 
X 
(4.218) 
The c o n s t r a i n t  equat ions  (4.138) and (4.139) may now be  i n t e g r a t e d  t o  y i e l d  
X (4.219) 
X - v - v1 - AVlt - -2 ’  
(4.220) 
Applying t h e  boundary cond i t ions  t h a t  a t  t = 0,  v, = 1, x, = 0,  and a t  t = 1, 
L 
v, = -1, xf = 0 , y i e l d s  t h e  r e s u l t s  
h = o  
X 
Xvl = -2 
(4.221) 
(4.222) 
Thus L e  opt imal  s o l u t i o n  is e a s i l y  c - ta ined  i n  t h i s  case and -3 given  by t h e  
fol lowing set  of equat ions  
a = - 2  , (4.223) 
E = 2 t  , (4.224) 
v = 1 - 2 t ,  (4.225) 
x = t ( l  - t )  . (4.226) 
It i s  noted from equat ion  (4.226) t h a t  t h e  maximum v a l u e  of x i s  114. 
i f  R > 114 t h e  i n e q u a l i t y  c o n s t r a i n t  w i l l  n o t  be  encountered.  
Hence 
Ref lec ted  s o l u t i o n .  For 0 5 R 5 116 a r e s t r i c t e d  s o l u t i o n  i s  ob ta ined ,  
and f o r  R > 114 an u n r e s t r i c t e d  s o l u t i o n  i s  obta ined .  Hence it  i s  con- 
c luded t h a t  between R =  116 and R = 114,  t h e  ex t remal  curve  is a r e f l e c t e d  one. 
For a r e f l e c t e d  extremal  t h e r e  i s  no p o i n t  3 s i n c e  al = a2 = a3  = 0. Hence 
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t h e  cond i t ion  y i e ld ing  t h e  t r a n s v e r s a l i t y  c o m e r  cond i t ions  reduces t o  
dZ* = dEf + uldtl  + p2dE2 + p3dvl + p 4 dx 1 + p 5 d t  f + "gdvf + 1-1 7 dx f 
-Hdt + AEdE + Avdv + A x d x  
f 
+ [ -Hdt + AEdE + A dv + Axdx = 0 . (4.227) 
V 
The endpoints  cond i t ions  are t h e  same as be fo re  and are given by 
equat ions  (4.163) - (4.166) and (4.175) - (4.178). The cond i t ions  a t  
po in t  2 become 
d t :  -H + H2+ = 0 , (4.228) 2- Po in t  2 
dE: AE2- - X E 2 + =  0 , (4.229) 
Av2+ + IT = 0 , (4.230) ?T2- - 2 dv : 
dx : ITl + Ax2-- Ax2+ = 0 . (4.231) 
A s  be fo re ,  i t  i s  concluded t h a t ,  
A E  = -1 . (4.232) 
According t o  equat ion  (4.145) A i s  a cons tan t  along each of t h e  arcs 1-2 
and 2-f.  I f  b i s  t h i s  constantXalong the  f i r s t  arc 
(4.233) 2 Ax = b O z t < t  
Then according t o  equat ion . (4 .231)  along t h e  second arc t h e  cons tan t  i s  
b + -ir1 o r  a l t e r n a t l y  
X x = d .  t 2 < t < 1  - (4.234) 
This  in format ion  may now be  used t o  i n t e g r a t e  t h e  Euler  equat ion  (4.144) t o  
g i v e  
A v  = -bt  + Avl , O L t Z t ,  (4.235) 
A v  = - d ( t  - t 2 )  + Av2+ . t2 < t 1 (4.236) 
These r e s u l t s  p l u s  t h e  r e s u l t  ?,E = -1rnay now b e  s u b s t i t u t e d  i n t o  t h e  Euler  
equa t ion  (4.146) t o  y i e l d  t h e  opt imal  c o n t r o l  l a w  along each of t h e  unre- 
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st r ic ted sub  arcs 
a = A  v l  - b t  , O F t L t ,  (4.237) 
a = A  v2+ - d ( t - t 2 ) .  t 2 L t i l  (4.238) 
The H func t ion  w i t h  t h e  proper  opt imal  c o n t r o l  l a w  f o r  each arc becomes 
0 I . t L t 2  (4.239) 
H = -  1 [Av2+ - d ( t  - t 2 ) l  + vd t 2 < t < 1  (4.240) 
1 2 H = (Avl - b t )  + bv 
2 
Applying t h e  c o n d i t i o n  (4.228) , making n o t e  of  equat ion  (4.161) y i e l d s  
Av2+ - Avl  - bt2 ' (4.241) 
I f  t h e  c o n t r o l  l a w  f o r  each segment 1-2 and 2-f i s  s u b s t i t u t e d  i n t o  t h e  
equat ions  of c o n s t r a i n t  (4.138) and (4.139) and t h e s e  equat ions  i n t e g r a t e d ,  
t h e  r e s u l t a n t  equat ions  eva lua ted  a t  p o i F t  2 y i e l d  
L 
bt2 = 0 
+ - 2 
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(4.242) 
(4.243) 2 t2(1 +LA t - L b t  ) = % , 2 V 1 2  6 2 
and eva lua ted  a t  p o i n t  f y i e l d  
(4.244) 1 + Av2+ (1 - t2) - h(l - t2) 2 = 0 , 
2 
The f i v e  equat ions 4.2 
3 R + $Av2+(1 - t 2 I 2  - Ld(1 - t2) = 0 . 
6 
(4.245) 
) - (4.245) may now b e  so lved  f o r  t h e  f ive unknown 
c o n s t a n t s ,  t2, Avl, Av2+, b y  and d. 
t2 = 112 , (4.246) 
Avl = -8(1  - 3%) , (4.247) 
= 4 ( 1  - 6 % )  , (4.248) Av2+ 
b = -24(1 - 4%) , 




w i th  t h e s e  cons t an t s  eva lua ted  t h e  so lu t ion  i s  e a s i l y  found t o  be: 
- 1 < <  
t2 = t 3  - - 2 For 0 = t = 
a = -8(1 - 3%) + 24(1  - 4R)t (4.251) 
n 
v = 1 - 8(1 - 3R)t + 1 2 ( 1  - 4R)tL 
2 3 + 4 ( 1  - 4R)t x = t - 4 ( 1  - 3R)t , 
(4.252) 
(4.253) 




2 v = 1 - 8(1 - 3R)(1 - t) + 1 2 ( 1  - 4R)(1 - t) 
x = 1 - t - 4 ( 1  - 3R)(1 - t )  2 3 + 4 ( 1  - 4R) ( l  - t) 
2 = 8(1 - 6R + 12R ) Emin 
These r e s u l t s  ag ree  w i t h  r e fe rence  8. 
Examples i n  Rocket F l i g h t  Mechanics 
ase I -- O p t i m a l  s t ag ing  with coas t  pe r iods  - I n  a r ecen t  a r t i c l e  by 
Mason‘ a v a r i a t i o n a l  method f o r  determining t h e  opt imal  s t a g e  s i z e s  f o r  
m u l t i s t a g e  r o c k e t s  is presented.  
t h i s  method s imultaneously y i e l d s  t h e  opt imal  p r o p e l l e n t  and s t r u c t u r e  
weights  f o r  each s t a g e .  
of Sec t ion  I11 may be  appl ied  t o  t h e  problem discussed  by Mason wi th  t h e  
a d d i t i o n a l  cond i t ion  t h a t  a f i n i t e  coas t  per iod  t akes  p l ace  a f t e r  each s t a g e  
a l lowing  t i m e  f o r  t h e  burned out  s t a g e  t o  b e  d i sca rded . ’  
I n  a d d i t i o n  t o  t h e  opt imal  s t e e r i n g  program 
The fol lowing example i l l u s t r a t e s  how t h e  methods 
Consider a m u l t i s t a g e  rocke t  v e h i c l e  in  f l i g h t  above t h e  atmosphere 
w i t h  cons t an t  t h r u s t  and f u e l  f low r a t e  over  a f l a t  e a r t h  wi th  uniform 
g r a v i t y  as shown below 
I Y  t 
FLIGHT PATH 
------- HORIZONTAL REFERENCE LINE 
X 7- 
FIGURE 4.5 APPLIED FORCES ON ROCKET 
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. 
The corresponding equat ions  of motion are: 
* T  u = - cos x m Y 
* T  v = -  s i n  x - g m 
x = u  y 
Y 
(4 .258 )  
(4 .259 )  
(4 .260 )  
(4 .261 )  Y = v  Y 
x i = - B  , (4 .262 )  
where g i s  t h e  a c c e l e r a t i o n  of g r a v i t y  a t  t h e  s u r f a c e  of t h e  e a r t h  and T 
and B are given cons t an t s  which may have d i f f e r e n t  va lues  f o r  d i f f e r e n t  
s t ages .  
m is t h e  mass of t h e  rocke t .  The s ta te  v a r i a b l e s  x ,  y ,  u y  v y  and m a r e  
s u b j e c t  t o  t h e  s i n g l e  c o n t r o l  v a r i a b l e  x which i s  t h e  d i r e c t i o n  of t h e  t h r u s t  
w i th  r e spec t  t o  t h e  x axis. 
c o n t r o l .  
The v e l o c i t y  components i n  t h e  x and y d i r e c t i o n s  are u and v and 
This  l eaves  one degree of freedom f o r  op t imal  
It i s  assumed t h a t  t h e  t r a j e c t o r y  c o n s i s t s  of t h r e e  t h r u s t i n g  s t a g e s  
sepa ra t ed  by coas t ing  pe r iods  of f i n i t e  l eng th .  
t h a t  t h e  opt imal  s o l u t i o n  has  r e s t r i c t e d  segments which are dep ic t ed  i n  
F igure  4 . 6 .  This  problem i s  of type  3 a s  d iscussed  i n  t h e  beginning of 
Sec t ion  111. 




6 '  7 0 I ' t 
I t 
FIGURE 4.6 MASS CHANGES FOR A MULTISTAGE ROCKET 
The s t r u c t u r a l  weight of each s t a g e  w i l l  b e  assumed p r o p o r t i o n a l  t o  
t h e  f u e l  weight and, hence,  t h e  burning time of t h a t  s t a g e  ( s i n c e  t h e  f u e l  
flow i s  cons t an t ) .  The q u a n t i t y  t o  be  maximized is t h e  payload. 
I f  t h i s  problem is  se t  up as a problem of Mayer ( Z  = m F = 0) then  
f '  
t h e  Hamiltonian f u n c t i o n  as def ined  i n  Section I1 becomes 
T T - cos x + A (- s i n  x - g) + Axu + X v - hmB H' = . (4.263) 
'u m v m  Y 
The Euler  equat ions  a p p l i c a b l e  f o r  arcs 1-2, 4-5, and 7-8 are as fol lows 
u Euler  Equation h = -Ax , 
U 
v Euler  Equation Xv = - A  
Y Y  
x Euler  Equation x = 0 , 







(4.268) m Euler  Equation i = X U  T - cos x + A 5 s in  x 
m m 
, m V 
x Euler  Equation t a n  x = - ?r X .  
U 
(4.269) 
With the fol lowing f i r s t  i n t e g r a l  t o  the  Euler  equat ions  
H = cons tan t  . 
Following t h e  methods of Sect ion  111 t h e  arcs 2-4, 5-7 and 8-f may now 
b e  e l imina ted .  I n  t h i s  case 
z = m f  
6 - 0 .  
(4.270) 
(4.271) 
The fo l lowing  c o n d i t i o n s  are a p p l i c a b l e  a t  t h e  v a r i o u s  p o i n t s  along t h e  tra- 
j e c t o r y .  
q J 1 =  t l =  0 y (4.272) 
q J 2 = u  - c = o ,  1 (4.273) 
+ , = v  - c - 0 ,  (4.274) 1 
$ 4 = x 1 =  0 , (4.275) 
q J , = Y , = o  Y (4.276) 
q J 6 = m l - C = 0 ,  (4.277) 
4 1  
74, = m4 - m2 + klt2 = 0 , (4.278) 
J18 = m7 - m + k2( t5  - t4) = 0 , (4.279) 5 
Jlg = m - m8 + k3(t8 - t7) = 0 , f (4.280) 
J l l o = u  - c = o ,  (4.281) f 
J l l l = V f - C = O  y (4.282) 
JI,,=y, - c = o  9 (4.283) 
JI13 = t4 - t2 - c = 0 , (4.284) 
Jl,, = t7 - t5 - c = 0 . (4.285) 
The ''jumps" i n  t h e  s ta te  v a r i a b l e s  ( o t h e r  t h a n  mass which h a s  a l r e a d y  been 
s p e c i f i e d )  from t h e  p o i n t s  2-4, 5-7 and 8-f may be obta ined  from t h e  dynam- 
i c a l  equat ions of  c o n s t r a i n t  by s e t t i n g  T = 0 (which i n  e f f e c t  y i e l d  a new 
set of  dynamical equat ions  w i t h  no c o n t r o l )  t o  y i e l d  
a l = u 4 - u  = O ,  (4.286) 2 
a 2  = v4 - v2 + g ( t 4  - t2) = 0 , (4.287) 
a3 = x4 - x2 - u 2 (t 4 - t 2 ) = 0 ,  
a4 = ~4 - ~2 - v 2 ( t 4  - t2) + 2 g ( t 4  - t2)2 = 0 , 
(4.288) 
(4.289) 1 
a = u  - u  = O ,  (4.290) 5 7 5  
a6 = v7 - v5 + g ( t 7  - t ) = 0 , (4.291) 5 
a7 = x, - x5 - u ( t  - t5) = 0 , 5 7  (4.292) 





I n  t h i s  case  t h e  func t ion  8 i s  i d e n t i c a l l y  zero.  By forming Z* and s e t t i n g  
dZ* = 0,  t h e  fol lowing cond i t ion  i n  abbreviated n o t a t i o n  is obta ined:  
r 1 2- 
11 
dZ* = dZ t. ped$ + vidai + -Hdt + hidYi 1 
r 1 5- r 1 8- 
+ L-Hdt + XidYi J 4+ + L-Hdt + AidYi = 0 . (4.298) 
This  cond i t ion  y i e l d s  t h e  fol lowing r e s u l t s  
Po in t  1 d t :  pl + H1 = 0 (4.299) 
du: p2 - AU1 = 0 (4.300) 
dv: p3 - Xvl = 0 
p 4  - Xxl = 0 dx: 
(4.301) 
(4.302) 
dy: p 5 - X  = O ,  (4.303) 
Y l  
~ 
dm: p6 - Aml = 0 . 
p7kl - v2g + v u d t :  3 2  Po in t  2 1-  
(4.304) 
+ v4 [ v2 - g ( t 4  - t2)l - ~ 1 3  - H2- = 0 , (4.305) 
du: -V - v ( t  - t 2 )  + hU2- = 0 , (4.306) 
dv: -V - v4( t4  - t 2 )  + Xv2- = 0 , (4.307) 
dx : -3 + Xx2- = o ,  (4.308) 
(4.309) dy : 
dm: -p7 + Xm2- = 0 . (4.310) 
d t :  
1 3 4  
2 
-v4 + XY2- = O ’ 
-p 8 2  k + V2g - v3u2 + V 4  [ -V2 + g ( t 4  - 5 )  1 P o i n t  4 


















d m  : 
P o i n t  8 d t :  
du : 
v -  1 Au4+ = O 
2 Av4+ = O 
3 Ax4+ = O 
y4+ = O v4 - A 
P7 - Am4+ = 0 
v -  
v -  
p 8 k 2 - v g + v u  6 7 5 + V  8 [ v5 - g ( t 7  - t5> 1
- p i 4  - H5- = o  y 
-v - w ( t  - t5) + Au5- = 0 
-v6 - v (t - t5) + Av5- = 0 y 
-v7 + Ax5- = 0 y 
5 7 7  
8 7  
-v + A  = o ,  8 y5- 
+ 'm5- = o .  
-P 9 3  k + '68 - V7U5 + V8 [ -V5 + g ( t 7  - t , ) ]  
- ~ 1 4  + H7+ = 0 9 
v -  5 L 7 +  = O 
v -  6 'v7+ = ' 
v -  7 Ax7+ = O 
8 y7+ = O 
'8 - 'm7+ 
Pgk3 - Ha- = 0 Y 
-v9 + AU8- = 0 y 
v - A  































Equat ions (4.299) 
= o  , -'lo + 'v8- 
= o  , 'x8- 
-v + A  = o ,  12 y8- 
-u9 + Am8- = 0 . 






Vll + vlo = 0 9 (4.336) 
v = o ,  (4.337) 11 
V12 + v12 = 0 Y (4.338) 
l + p g = 0 .  (4.339' 
- (4.304) y i e l d  no usable  information.  Equat ions (4.305) - 
(4.316) may be pa i r ed  o f f  and combined wi th  t h e  o the r  cond i t ions  t o  y i e l d  t h e  
fol lowing r e s u l t s :  
H4+ = '2- + Am5-k2 - 'm2-kl 9 
'u4+ 'u2- ' ~ 2 - ( ~ 4  
(4.340) 
= - - t 2 )  9 (4.341) 
- (4.342) Av4+ - Av2- - Ay2-(t4 - 5 )  9 
Ax4+ - 'x2- 
y4+ = ' Y2- 





Equat ions (4.317) - (4.328) may be  pa i red  o f f  and combined wi th  t h e  o the r  






Ay7+ = Ay5- (4.350) 
(4.351) 
F i n a l l y ,  t h e  u s e f u l  r e s u l t s  ob ta ined  from t h e  remaining equat ions  (4.329) - 
(4.339) a r e  as fol lows : 
(4.352) 
= o ,  Ax8- (4.353) 
= -1 . 
?n8- (4.354) 
Thus, Ax = 0 throughout t h e  t r a j e c t o r y .  
of t h e  u n r e s t r i c t e d  a r c s  , combining equa t ions  (4.352) , (4.341) and (4.340) 
y i e l d s  t h e  fol lowing r e s u l t s  : 
Since  H i s  a cons t an t  a long each 
L1 E H2- - Am2-kl = 0 (4.355) 
(4.356) 
L E H  - k = O  3 8- Am8- 3 (4.357) 
These l as t  t h r e e  equat ions  a r e  i d e n t i c a l  t o  t h e  r e s u l t s  ob ta ined  by Mason 
and may be  used as swi tch ing  func t ions  t o  determine t2,  t 
t i o n s  of motion (4.258) - (4.262),  Euler  equations (4.2$4) :5:i.269), End- 
po in t / co rne r  r e s t r i c t i o n s  (4.272) - (4.283),  jump cond i t ions  (4.284) - 
(4.295),  and f i n a l l y  t h e  opt imal  endpoin t /corner  cond i t ions  (4.340) - (4.354) 
con ta in  s u f f i c i e n t  in format ion  t o  o b t a i n  a numerical  s o l u t i o n .  The procedure 
would be  as fo l lows:  
and t r e s p e c t i v e l y .  
t h e  equa- 
5 8 
- Since  t h e  coas t ing  t i m e  i s  f i x e d ,  ( t 4  - t ) and ( t  
1. Guesses are made f o r  t h e  unknown i n i t i a l  va lues  of t h e  Lagrange 
mul t ip l i e r s* .  
2. The equat ions  of motion p l u s  Eu le r  equa t ions  f o r  t h e  f i r s t  s t a g e  
a r e  i n t e g r a t e d  u n t i l  t h e  cond i t ion  L = 0 is s a t i s f i e d .  
The jumps i n  t h e  state v a r i a b l e s  and Lagrange m u l t i p l i e r s  are 
ca l cu la t ed .  
1 
3. 
4. The equat ions  of motion p l u s  t h e  Eu le r  equa t ions  are i n t e g r a t e d  
f o r  t h e  second s t a g e  u n t i l  t h e  c o n d i t i o n  L2 = 0 i s  s a t i s f i e d .  
*Due t o  homogeneity one i n i t i a l  va lue  may b e  a r b i t r a r i l y  f i x e d  a t  some non-zero 
number. Then, equat ion  (4.354) may b e  ignored .  
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5. The.jumps i n  t h e  s ta te  v a r i a b l e s  and Lagrange m u l t i p l i e r s  are 
ca l cu la t ed .  
f o r  t h e  t h i r d  s t a g e  u n t i l  t h e  
7. A t  t h i s  p o i n t  a check i s  made 
u = c  f 
Vf = c 
Yf = c 
are s a t i s f i e d .  I f  n o t ,  s t e p s  
It i s  i n t e r e s t i n g  t o  no te  t h a t  t h  
6. The equat ions  of motion p l u s  the  Eu le r  equat ions  are i n t e g r a t e d  
condi t ion  L = 0 i s  s a t i s f i e d .  3 
t o  see i f  t h e  f i n a l  cond i t ions  
1-7 must b e  repea ted  u n t i l  they  are. 
se r e s u l t s  are e a s i l y  redu ed t o  t h e  
f i x e d  s t r u c t u r e  case, i .e. when t h e  m a s s  d i s c o n t i n u i t i e s  are f i x e d  cons tan ts .  
For t h a t  case H i s  zero  dur ing  each t h r u s t  per iod  and non-zero dur ing  each 
coas t .  The switching func t ions  are L 5 H4+ and L = H ;a t h i r d  switch- 
4+ ing  f u n c t i o n  i s  unnecessary.  must be  computed w i t h  t h e  a i d  of equahons  (4.286) - (4.289) and (4.341) - 
(4.345) , and s i m i l a r l y  f o r  L 
Since L determines g2,  tzz arguments of H 
2' 
Case I I - - thrus t -coas t - thrus t  opt imal  t r a n s f e r  problem - In  t h e  calcu- 
l a t i o n  of opt imal  o r b i t  t r a n s f e r  t r a j e c t o r i e s  i t  is  f r equen t ly  necessary  
t o  cons ider  t h e  p o s s i b i l i t y  t h a t  t h e  f6a j ec to ry  i s  composed of i n t e rmed ia t e  
c o a s t i n g  o r b i t s .  Recently de  Veubeke has  examined t h i s  opt imal  t r a n s f e r  
problem and has  given an a n a l y t i c  s o l u t i o n  wi th  a coas t  per iod  f o r  i n v e r s e  
squa re  f o r c e  f i e l d s .  
arc i n  c losed  form he w a s  a b l e  t o  so lve  f o r  t h e  opt imal  t r a n s f e r  c o a s t  
angle .  
of Sec t ion  I11 which e l imina te  t h e  n e c e s s i t y  of i n t e g r a t i n g  t h e  Euler  
equa t ions  along t h e  coas t ing  arc. 
By i n t e g r a t i n g  the  Euler  equat ions  along t h e  coas t ing  
The r e s u l t s  of de Veubeke may a l so  be obtained by using t h e  methods 
Consider t h e  problem of determining t h e  opt imal  t r a n s f e r  of a cons t an t  
t h r u s t  v e h i c l e  from one c i r c u l a r  o r b i t  t o  another  coplaner  c i r c u l a r  o r b i t  
as shown i n  F igure  (4.7).  
t h i s  process .  
The o b j e c t i v e  i s  t o  maximize t h e  payload dur ing  
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FIGURE 4.7 OPTIMAL ORBIT TRANSFER WITH A COASTING SEGMENT 
The dynamical equat ions of c o n s t r a i n t  f o r  t h e  v e h i c l e  shown i n  Figure 4.7 
are 
GM s i n  y , 
r 
* T  
v = - c o s  x - 2  m 
V + = -  T s i n  X -  - GM cos y + - cos y , mv 2 r 
r v  
; = v s i n y ,  
L $ = - c o s y ,  V 
r 
A = + ,  
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(4 .358 )  
(4 .359 )  
(4 .360 )  
(4 .361 )  
(4 .362 )  
where GM is  t h e  u n i v e r s a l  g r a v i t a t i o n a l  cons t an t  times t h e  mass of t h e  
parent  body. The cons tan t  t h r u s t  is given by T and m i s  t h e  mass of t h e  
rocke t .  During t h r u s t i n g  pe r iods  t h e  mass of t h e  v e h i c l e  i s  assumed t o  
decrease  a t  a cons t an t  rate - 8 .  
The s ta te  v a r i a b l e s  v ,  y ,  r ,  9 ,  and m a re  s u b j e c t  t o  a s i n g l e  c o n t r o l  
v a r i a b l e  x which leaves one degree of freedom f o r  opt imal  con t ro l .  
The o ther  symbols are def ined  i n  F igure  4 . 7 .  
Only one coas t ing  per iod  w i l l  b e  assumed, hence t h e  t r a j e c t o r y  w i l l  
have one r e s t r i c t e d  arc between t h e  po in t s  2 and 3 as shown i n  F igure  4 . 7 .  
S e t t i n g  t h i s  problem up i n  t h e  Mayer form ( Z  = m F = 0) t h e  Hamiltonian 
func t ion  becomes f '  
- cos x - E s i n  y) + Xy(k s i n  x - GM cos y + 
2 2 r r r v  
H = X . 6  
+ A v s i n  y +  cos y - XmB . ( 4 . 3 6 3 )  
r 0; 
The Euler  equat ions  app l i cab le  f o r  arcs 1-2 and 3 - f  are as fol lows:  
GM T 
2 2  v = "(7 r v  mv 
s i n  x - - cos y - COS_Y v Euler  Equat ion: i  
- A  s i n y - A  L S L X  , 
r 4 r  
y Eule r  Equation: = X v (  9 cos y) - Xy (F - :) s i n  y 
Y 
r v  
- X V C O S ~ + X  X s i n y ,  
r Or 
r Eu le r  Equation:A = -2X - GM s i n  y - 
r v  r r v 3  r 
+ A  c o s y  , 
0 2  r 
x = o ,  0 0 Eule r  Equat ion:  
s i n  x , T = hv - cos x + X - 
m m v  
m Eu le r  Equat ion: i  
m 2 Y 2  
X 
VX 
X E u l e r  Equat ion:  t a n  x = -1y, . 
w i t h  t h e  fo l lowing  f i r s t  i n t e g r a l  t o  the  Eu le r  equat ions  
V 
H = cons tan t  . 
( 4 . 3 6 4 )  
( 4 . 3 6 5 )  
( 4 . 3 6 6 )  
( 4 . 3 6 7 )  
( 4 . 3 6 8 )  
( 4 . 3 6 9 )  
( 4 . 3 7 0 )  
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Following t h e  methods of Sec t ion  111 t h e  a r c s  1-2 and 3-f as shown 
i n  Figure 4.7 may now be  e l imina ted .  I n  t h i s  case 
Z = m f  , (4.371) 
B = O .  (4.372) 
The fol lowing cond i t ions  are a p p l i c a b l e  a t  t h e  i n i t i a l  and f i n a l  p o i n t s  of 
t h e  t r a j e c t o r y .  
$,= t l = O ,  (4.373) 
(4.374) 
$ 4 = r 1 - C = 0 ,  (4.376) 
$ , = 9 , = 0  9 (4.377) 
$ 6 = m l - C = 0 ,  (4.378) 
$ 7 = v f - c = o ,  (4.379) 
q 9 = r  - C = O .  (4.381) 
f 
Thus t h e  f i n a l  range angle  41 and f i n a l  t i m e  t ,  are l e f t  f r e e .  
condi t ions  i n  t h e  s ta te  v a r i a b l e s  between t h e  p o i n t s  where c o a s t  begins  
(po in t  2) and t h e  p o i n t  where r e - i g n i t i o n  t a k e s  p l a c e  ( p o i n t  3) may be  
obta ined  from t h e  dynamical equat ions  of c o n s t r a i n t  by s e t t i n g  T = 0 and 
f3 = 0. However, under t h i s  c i rcumstance t h e s e  equa t ions  reduce t o  those  
governing t h e  well-known two-body problem. 
obta ined  from t h e  energy equat ion  
The "jump" 
Thus t h e  "jumpt' i n  v may b e  
(4.382) 
and t h e  "jump" i n  y may be  obta ined  i m p l i c i t l y  from t h e  conserva t ion  of 
momentum 
a2  = r3v3 cos y - r v cos y = 0 . (4.383) 3 2 2  2 
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The "jump" i n  r may b e  obta ined  from t h e  equat ion  of t h e  pa th  
h2/GM h = h(r2v2y2)  
r =  - 
1 + e cos 4 
e = e(r2v2y2)  
(4.384) 
However, f o r  convenience of c a l c u l a t i o n ,  equat ion  (4.384) eva lua ted  a t  
p o i n t s  2 and 3 w i l l  b e  written as fol lows 
ct3 = $3 - $2 - G (r r v y ) + G2(r2v2y2) = 0 . (4.385) 3 2 3 2 2  
The "jump" i n  $ i s  obta ined  i m p l i c i t l y  from t h e  equat ion  
(4.386) 2 r & = h ,  
t o  g i v e  
r d $  + t3 - t2 = 0 . 
h 
$2 
F i n a l l y  t h e  "jump" i n  m i s  given by 
a 5 = m 3 - m 2 = 0 .  
(4.387) 
(4.388) 
The 8 f u n c t i o n  f o r  t h i s  case i s  i d e n t i c a l l y  zero.  
dZ* = 0, t h e  fol lowing condi t ion  i n  abbrevia ted  n o t a t i o n  i s  obta ined  
By forming Z* and s e t t i n g  
r 1 2- 
I 1  
dZ* = dZ + p dJI + vidcti + 
e e  
-Hdt + hidYi 
+ [  
This  cond i t ion  y i e l d s  t h e  fol lowing r e s u l t s  : 
P o i n t  1 d t :  pl + H1 = 0 , 
dv: p2 - Avl = 0 , 
dy: p 3 - X  = O ,  
Yl 











dm: u6 - Xml = 0 . 
P o i n t  2 d t :  -v4 - H2- = 0 , 
(4.395) 
(4.396) 
a"4 4- X = 0 , (4.397) 
av2 
4 -,- v2- 
3 dv: -v v - v r cos y + v - +  v a" 
1 2  2 2  2 3 av2 
a" dy: v2r2v2 s i n  y + v - +  a "3 v A+ X =I 0 , 
aY2 4' a y 2  ~ 2 -  
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(4.398) 
3 a "4 = 0 ,(4.399) 
a" 
GM d r :  -v -- v2v2 cos y2 + v - + v - + Xr2- 
1 2  3 ar2 4 ar2 
r.7 
L 2  I 
d$: -v3 + v - +  =2 X = 0 , 
4 h  $2- 
dm: -v5 + hm2- = o .  
P o i n t  3 d t :  v4 + H3+ = 0 , 
dv: v1v3 + v2r3 cos y - 
dy: -v r v sin y - 
3 Av3+ = O ' 
2 3 3  3 Ay3+ = O ' 
d r :  v E+  v v COS y + v - a"3 - Ar3+ = 0 , 
1 2 2 3  3 3 ar3 
3 r 
2 
- 1  = o ,  
@3+ 
dm : v5 - Xm3+ = 0 . 
P o i n t  f d t :  -H = 0 , 
dv : 
f 
+ A v f  = 0 , '7 
+ X  = o ,  
+ X  ' 0 ,  
' 8  yf  dy : 
d r  : '9 yf 















dm: 1 + Xmf = 0 . (4.413) 
-_ e- 
Equations (4.390) - (4.395) y i e l d  no usable  information.  Equation (4.396) 
combined wi th  (4.402) y i e l d s  
’r 
(4.414) 
This  r e s u l t  combined wi th  equat ion  (4.408) and t h e  f a c t  t h a t  H i s  cons t an t  
on t h e  arcs 1-2 and 3-f shows t h a t  
H = O  
on each of t h e  u n r e s t r i c t e d  t r a j e c t o r i e s .  
(4.415) 
This  r e s u l t  combined wi th  equat ion (4.396) o r  (4.402) shows t h a t  
v 4 = o .  (4.416) 
Thus when equat ion  (4.400) is  added t o  equat ion  (4.406) t h e  fol lowing r e s u l t  
i s  obta ined  
x = x  (4.417) 
$2- $3+ ’ 
Since  
t h e  c o n a i t i o n  given by equat ion  (4.412) r e q u i r e s  t h a t  
is a cons t an t  a long each of the u n r e s t r i c t e d  arcs [equat ion 4.36711 
x = o  ’ 0 (4.418) 
a long arcs 1-2 and 3-f. 
used t o  show t h a t  
T h u s y e i t h e r  equat ion (4.400) o r  (4.406) may be 
v = o .  (4.419) 
3 
Mul t ip ly ing  equat ion  (4.398) by co t  y and equat ion  (4.404) by c o t  y 3 
and adding [making use  of equat ions  (4.383?, (4.416) 
r e s u l t s  i n  
and (4.419)] 
3 = x  - .  t an  y 
~ 3 +  ~ 2 -  tan y2 
Equat ion (4.398) and (4.404) may b e  solved f o r  v2  t o  g ive  
c o t  y 
y3+ - 2 A = -  3 x  c o t  y 
r3v3 cos 3 r2v2 cos y y2- v2 = - 2 
(4.420) 
(4.421) 
I f  equa t ion  (4.397) i s  d iv ided  by v2 and equat ion  (4.403) d iv ided  by v 3’ 
t hen  t h e  r e s u l t i n g  equat ions  may be  added and wi th  t h e  use  of equat ion  
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( 4 . 4 2 1 )  yield 
( 4 . 4 2 2 )  cot y 
The multiplier vl  may now be evaluated from equations ( 4 . 3 9 7 )  and ( 4 . 4 0 3 )  
to give 





v3 v 3  
2 Y2- 
2 V 1 v  
( 4 . 4 2 3 )  
Substituting for v 
( 4 . 3 9 9 )  and ( 4 . 4 0 5 f  yields: 
and v2  from equations ( 4 . 4 2 1 )  and ( 4 . 4 2 3 )  into equations 
and 
( 4 . 4 2 5 )  - - GM sin Y ~ A ~ ~ +  + (: - +) cos y3ly3+ + v3 sin y3Ar3+ = 0 . 
r3 =3  v3 
Finally equations ( 4 . 4 0 1 )  and ( 4 . 4 0 7 )  may be combined to yield 
- 
‘m3+ - ’m2- ( 4 . 4 2 6 )  
With a considerable amount of involved algebraic manipulations, the 
above equations may now be put into a more useful form. 
T 
aid ( 4 . 4 2 6 )  into equation ( 4 . 4 1 4 )  yields 
Assuming that 
= T 2 , B 3 -   B 2  , and m 3 = m , and substituting equations ( 4 . 4 2 4 ) ,  ( 4 . 4 2 5 )  
1 A A Av3+ cos x + 2 sin x3+] = [ X v 2 -  C O S  5- + l? sin x2- . ( 4 . 4 2 7 )  3+ v3 v2 
From the control equation 
AV 
A 
sin x = 2 , and cos x = -
VA A ’  
( 4 . 4 2 8 )  
. Therefore equation ( 4 . 4 2 7 )  becomes 
A3+ = A2- ( 4 . 4 2 9 )  
(>) 2 where A = A: + 
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I -  
, ’  
Combining equations (4.422) and (4.420) gives 
2 
cot y x x 
xv3+ 2 = v3 [++.(+.) 
2 V y2- 2 v2- 
v2 v2 v3 
+ (2 - 2) cot 2 Y2+] 
From equation (4.383) 
r v cos y cos y 




where R = - r3 and v = 2 . Thus 
2 v2 1: 
2 2  
2 
cos Y, 
- 1  Y - R V  tan y3 - 
L 
and from equation (4.420) 
Substituting equations (4.430) and (4.433) into (4.427) y-?ldsy 
2 1  2 1 1  cot y2xy2-xv2- + ( - - -  1 1  2 2  .;[” 2 + 2 ( - - -  2 2 )  2 2 cot Y2Ay2- v2 v3 v2 v2 v2 v3 
2 x 2 
2 +y2- XY2- cot  Y [y cos y - .] = hv2- V 2 .  
2 








v x  
x 
2 2 v2- 
by c o t  x g ives ,  2 Dividing by and r ep lac ing  -
Y2- Y2- 
1 1  . I  2 c o t  y2 c o t  x 2  2 + (2 - 2/ c o t  y 2 1 1  + 2 ( 7  - 7) 2 




1 +-[+-$I c o t  Y2 =-+- c o t  x 2  
2 2 -  
v2 v2 
cos y V 
Mult iplying by v2 and rear ranging  terms y i e l d s ,  2 
2 2 v2 - 112 2 (V2 - 1) co t  x2 + 2(V - 1) c o t  y 2  c o t  x2 + ( c o t  Y2 
V2 
o r  simply 
b u t  
Thus, by l e t t i n g  
K =  I ”  c o t  y + c o t  x 2  2 2 r v  2 2  
The following r e s u l t  i s  f i n a l l y  obta ined  from equa t ion  ( 4 . 4 3 7 )  
( 4 . 4 3 5 )  
( 4 . 4 3 6 )  
( 4 . 4 3 7 )  
( 4 . 4 3 8 )  
( 4 . 4 3 9 )  
( 4 . 4 4 0 )  2 ( 1 - R )  (R + R - K ) = O .  
The r o o t s  f o r  t h i s  equat ion  are 
R1 = 1 
- 1  
R2 2 
( 4 . 4 4 1 )  
( 4 . 4 4 2 )  
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( 4 . 4 4 3 )  
L 
Since R > 0 t h e  t h i r d  r o o t  must be  discarded.  
s o l u t i o n s  which are equ iva len t  t o  those  given by de Veubeke. 
This l eaves  two p o s s i b l e  
The s o l u t i o n s  given by equat ions  ( 4 . 4 4 1 )  and ( 4 . 4 4 2 )  can each be 
i n t e r p r e t e d  i n  two d i f f e r e n t  ways. The roo t  R impl ies  e i t h e r  1 
(a) No c o a s t  (Degenerate s o l u t i o n )  
o r  (b) Coast t o  a symmetric po in t  (Symmetric s o l u t i o n )  
The r o o t  R imp l i e s  e i t h e r  a coas t ing  a rc  t o  a p o i n t  2 
on t h e  same s i d e  of t h e  major axis as p o i n t  2 (Asymmetric 
s o l u t i o n )  
(c )  
o r  a coas t ing  arc t o  a p o i n t  
(d) on t h e  oppos i t e  s i d e  of t h e  major a x i s  as p o i n t  2 (Symmetric- 
Asymmetric s o l u t i o n )  
I f  t h e  coas t ing  t r a j e c t o r y  a t  po in t  2 is an e l l i p s e ,  a l l  s o l u t i o n s  are 
p h y s i c a l l y  r e a l i z a b l e  (provided t h a t  1: e r i g  e - < r  3 - < r  
coas t ing  arc a t  p o i n t  2 is a pa rabo la  8r a Eyperbola,  %8gefhe phys ica l ly  
r e a l i z a b l e  s o l u t i o n s  depend on f and R as fol lows 2 2 
). I f  t h e  
( a )  
(b) I f  
Using t h e  informat ion  developed s o  f a r ,  t h e  fol lowing procedure may 
I f  i2 < 0 then  a l l  s o l u t i o n s  a r e  p o s s i b l e  except  f o r  t h e  
asymmetric one wi th  R > 1 . 
> 0 then  only t i e  degenerate  s o l u t i o n  and t h e  
asymmetric s o l u t i o n  wi th  R 2 > 1 are poss ib l e .  2 
now b e  used t o  o b t a i n  a so lu t ion :  
1. Guesses are made f o r  t h e  unknown i n i t i a l  va lues  of t h e  
Lagrange m u l t i p l i e r s .  
The equat ions  of motion p l u s  the  Euler  equat ions  f o r  t h e  
first t h r u s t i n g  a r c  are in t eg ra t ed  u n t i l  t h e  cond i t ion  given 
by equat ion  ( 4 . 4 2 4 )  i s  s a t i s f i e d .  
2 .  
3 .  A choice must now be made f o r  R among t h e  p o s s i b l e  phys i ca l ly  
r e a l i z a b l e  s o l u t i o n s  and a "jump" made t o  the p o i n t  3 us ing  
equat ions  ( 4 . 3 8 2 )  - ( 4 . 3 8 8 )  and equat ions  ( 4 . 4 1 7 )  , ( 4 . 4 2 0 ) ,  
( 4 . 4 2 2 ) ,  ( 4 . 4 2 5 )  and ( 4 . 4 2 6 ) .  
4 .  The equat ions  of motion p l u s  the  Euler  equat ions  f o r  t h e  
f i n a l  t h r u s t i n g  arc are then i n t e g r a t e d  and a check i s  
made t o  see i f  t h e  f i n a l  endpoint is  i n t e r c e p t e d .  
The cond i t ions  developed i n  t h i s  paper are n o t  s u f f i c i e n t  t o  d i c t a t e  
t h e  p rope r  choice f o r  R a t  t h e  p o i n t  2. 
f o r  f u r t h e r  s tudy  i n t o  t h i s  mat te r .  
It i s  apparent  t h a t  t h e r e  i s  need 
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SECTION V 
DISCUSSION AND CONCLUSIONS 
The space  mechanics and f l i g h t  mechanics problems p resen ted  i n  
Sec t ion  I V  possess  t h e  fol lowing c h a r a c t e r i s t i c s  : 
1. They are s u b j e c t  t o  a s i n g l e  c o n t r o l  v a r i a b l e .  
2. The c o n t r o l  v a r i a b l e  can be  extremized only over  c e r t a i n  
p o r t i o n s  of t h e  t o t a l  t r a j e c t o r y .  Over t h e s e  p o r t i o n s ,  
t h e  problem f a l l s  under t h e  c l a r i f i c a t i o n  of t h e  "Problem 
of  Bolza" . 
Over t h e  remaining p o r t i o n s  of t h e  t r a j e c t o r y  t h e  c o n t r o l  
i s  p resc r ibed .  
3. 
The theorv  presented  i n  Sec t ions  I1 and I11 is  developed f o r  problems 
of t h e  above type.  It is  based on t h e  requirement  t h a t  t h e  dynamical con- 
s t r a i n t  equat ions  are i n t e g r a b l e  a n a l y t i c a l l y  a long those  arcs over  which 
t h e  c o n t r o l  i s  p resc r ibed .  Under such circumstances,  t h e  theory  y i e l d s  
a s o l u t i o n  by fol lowing two d i s t i n c t  procedures .  
1. The Eu le r  equat ions  are so lved  only over  t h e  u n r e s t r i c t e d  
p o r t i o n s  of t h e  t r a j e c t o r y  t o  determine t h e  opt imal  con t ro l .  
2. A set of "corner  condi t ions"  con ta in ing  r e l a t i o n s  invo lv ing  
endpoints  of t h e  r e s t r i c t e d  segments are then  so lved  i n  con- 
j u n c t i o n  wi th  t h e  Euler  equat ions  t o  y i e l d  t h e  opt imal  end- 
p o i n t s  and c o m e r  po in t s .  
of t h e  r e s t r i c t e d  segments are determined by i n t e g r a t i n g  t h e  
dynamical c o n s t r a i n t  equat ions  along t h e  r e s t r i c t e d  arcs. 
The r e l a t i o n s  invo lv ing  t h e  endpoin ts  
The fo l lowing  conclus ions  are made on t h e  b a s i s  of apply ing  t h e  above 
procedure t o  t h e  problems presented  i n  Sec t ion  I V .  
1. Analysis  and computation f o r  a given problem are s i m p l i f i e d  by 
e l i m i n a t i n g  t h e  need t o  i n t e g r a t e  augmented Eu le r  equat ions  
along t h e  r e s t r i c t e d  arcs. 
The theory is r e l a t i v e l y  s imple  t o  use  and is  u n i v e r s a l l y  
a p p l i c a b l e  t o  a l l  problems wi th  r e s t r i c t e d  arcs independent 
of how t h e  arc i s  generated.  
The requirement of be ing  a b l e  t o  i n t e g r a t e  t h e  r e s t r i c t e d  
equat ions  of motion does n o t  p r e s e n t  any p a r t i c u l a r  d i f f i c u l t y  
f o r  t h e  l a r g e  class of space mechanics problems which invo lve  
coas t ing  pe r iods .  
t r e a t e d  as a classical  two body problem) 
There are several o t h e r  important  problems i n  which t h e  i n t e -  
g r a t i o n  requirement  does n o t  p r e s e n t  d i f f i c u l t i e s .  
pe r iods  one,  swi tch ing  f u n c t i o n s  are ob ta ined  which l o c a t e  t h e  
beginning of t h e  r e s t r i c t e d  arc. 
v a r i a b l e s  eva lua ted  a t  t h e  end of t h e  r e s t r i c t e d  arc. This  s i t u a -  
t i o n  would complicate  any procedure  r e q u i r i n g  i n t e g r a t i o n  of t h e  
2. 
3 .  
(Assuming t h a t  t h e  c o a s t  pe r iod  may be  
4 .  
5. For c e r t a i n  problems, such as t h e  opt imal  s t a g i n g  w i t h  c o a s t  
These f u n c t i o n s  depend on s ta te  
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Euler  equa t ions ,  whereas i t  does n o t  complicate  t h e  arc elimin- 
a t i o n  method used he re .  
Parameters may b e  in t roduced  t o  make problems wi th  d iscont in-  
u i t i e s  continuous aga in ;  however, t h e  use of parameters  does n o t  
n e c e s s a r i l y  s impl i fy  computation needed f o r  a s o l u t i o n .  
6 .  
Nei ther  t h e  theory no r  t h e  e x t e n t  of t h e  a p p l i c a t i o n s  presented  i n  
t h i s  paper  may be  regarded as being complete. 
end of Sec t ion  I V ,  t h e  " c o m e r  condi t ions"  developed h e r e  are necessary  
bu t  n o t  s u f f i c i e n t  cond i t ions  f o r  t h e  loca t ion  of a c o m e r  po in t .  
i s  a need f o r  t h e  development of s u f f i c i e n c y  cond i t ions  f o r  t h e  type  of 
problems considered he re  t h a t  would d i c t a t e  t h e  proper  s o l u t i o n  f o r  t h e  
l o c a t i o n  of a c o m e r  when more than  one i s  obtained.  
As w a s  po in ted  ou t  a t  t h e  
There 
Problems which do n o t  s a t i s f y  t h e  i n t e g r a t i o n  requirement may be  
handled i n  some cases by using "engineering approximations". 
i f  coas t ing  pe r iods  are s h o r t  an assumption of cons t an t  g r a v i t y  magnitude 
and d i r e c t i o n  i s  f r equen t ly  appropr ia te .  Also, f o r  low-thrust  rocke t  
v e h i c l e s  maneuvering i n  t h e  v i c i n i t y  of a p l a n e t  t h e  t h r u s t  f o r c e  i s  
n e g l i g i b l e  i n  comparison wi th  t h e  g r a v i t a t i o n a l  fo rce .  Thus, one may 
conclude t h a t  by proper  use  of engineer ing assumptions and p h y s i c a l  
i n t e r p r e t a t i o n  i t  is  p o s s i b l e  t o  apply t h e  arc e l imina t ion  technique t o  
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